E. S. FRADKIN, et al.
Ottobre-Dicembre 1970
Rivista del Nuovo Oimento
Berie I, Vol. 2, pag. 498-560

Functional Techniques in Physics.

E. 8. Frapxin (*), U. Esrosrro and 8. TERMINI
Laboratorio di Cibernetica del C.N.R. - Arco Felice (Napoli)

(ricevuto il 26 Settembre 1970)

Introduction.
1. Functional equations for the 8-
matrix.
2. Solutions of functional equations
for the §-matrix.
2’1, Bolutions in integral form,
2°2. Operator solution of the prob-
lem of interaction of two fields.
2'3. Dependence of Green’s func-
tions on the longitudinal part
of the electromagnetic field.
3. Bome solvable models and ap-
proximations.
3'1. Theory of scalar interaction.
3'2. The Green’s function in an
external field.
3'3. Scalar electrodynamics.
3'4. Asymptotic infra-red behav-
iour in quantum electrodynamics.

Introduction.

The purpose of this paper is
KIN et al. (see the references) by

498

499

501
501

6502

505

507
507

511
513

616

4. Operator continual solution for

Green's functions in the external
field and modified perturbation
approach.

4’1. Bose case.

4’2, Fermi case.

. ‘Application of the method of

stationary phase to the operator

golution of Green’s functions.

Introduction. .

5'1. Schrédinger nonrelativistie
equation.

5'2. Scalar electrodynamics.

. Construction of the generating

functional for Yang-Mills and grav-
itational fields.,

6'1. Yang-Mills’ field.

6'2. Feynman’s rules for the grav-
itational field.

519
519
528

535

538
551

554

657

to collect some results obtained by FrAD-
using functional techniques.

The general technique is given and some applications are made to quantum
field theory; we note however that this method has been fruitfully applied
also to other fields, such as many-body problems and statistical physies.

(*) Permanent address: Lebedev Physical Institute, Moscow.

408



FUNCTIONAL TECHNIQUES IN PHYSICS 499

It is noteworthy that this approach allows the introduction of a modified
perturbation theory.
Some of the results collected here appear for the first time in En.ghsh

1. — Functional equations for the S-matrix [1)].

As is well known, every problem of quantum field theory can be reduced
to the determination of Green’s functions for interacting particles (bosons or
fermions). The knowledge of the Green’s function allows not only the solution of
problems involving particle collisions, but also the determination of bound states
of a system, which are represented by the poles of Green’s functions or of their
analytic continuations. That is, the problem reduces to the finding of the
propagators z(, ... #,) = T{gp(®,) ... p(®,)>, where ¢@(x) are the field opera-
tors in Heisenberg’s picture, and T is the usunal time-ordering operator.

The equations for the operators, in Heisenberg’s picture, give an infinite
system of coupled equations for the propagators; it is possible to reduce this
infinite system to a closed system of one or two functional equations.

To obtain this [2] an additional interaction between Bose and Fermi fields
and external sources is introduced in the Lagrangian

(1.1) L =L+L,+L,,,
Llnl — ?(fb‘)(p(&‘} ’
(1.2)
L, = I{z)p(@) + (@) p(2) + Pl@)n(=) ,
where
(1.3) _ @) = % 9 8p y[9(z) p(z) — (@) p()] ;

n(@) is a Fermi-field source which anticommutes with 7, y and , and commutes
with the Bose operators; L, is the Lagrangian of free fields, g, the coupling
constant and I(«) is the source of the Bose field; » indicates the generic
interaction. ‘

As is well known the functional equations for the §-matrix may be writ-
ten as follows:

8 \39 .
(}’.u O + m"_g°7¢T(:c)) 8_7'} =1,
i 88 . 3:8
(1.4) 0O+ H)-—-==Iﬂ—-8pgoym,
38

3
3,)( YuOu + Mo — aeyﬂ)wmﬂ
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Ag in what follows we will be interested in the vacuum expectation values
of T ordered operator products, it will be sufficient to golve the system of
functional equations for the matrix element Z = (0|8|0) of the vacuum-vacuum
transition which is the generating function of all Green’s functions. By
eqs. (1.4) Z will satisfy the relationship [1, 5, 6]

3\ 872 i
(y.ua#"I’ Mo — Goy 81) 8- nZ,

o2 . 8:Z
(1.5) (—0O+ ?;o) ﬁ =tIZ—g,8py 7@ @)’
3%

)
3,?( VuOu + Mo— 90?81)—103

with boundary conditions:
1) 8Z[3n = 8Z|d37 =3Z[3] =0 for I=n=1=0.
2) The functional derivatives of Z for u, 7 must satisfy the spectra.l rep-
resentation of Heisenber’s operators:
Equations (1.5) give a conservation law of the current in the presence of
sources:

3z 3Z dZ
1.6 SpYubus—s— =) & — ] 5= -
It ean be shown that a simple relationship between the derivatives of the func-
tional Z and the S-matrix for 7 =1I =0 exists. Such a relationship can be
expressed in terms of operators g, and ¥, in the normal form. The deriva-
tives in (1.8) operate on the derivatives of the renormalized field sources

(1.7) 8 yro=€xp [Q]:Z],p0

where

3 o
18 Q= j [r,al,.(mnw O 575+ P2+ mo s%(m) +

8 -
+ 5 P mOFilo) .
In particular, for vector coupling y >y, (in quantum electrodynamics k= 0)
from eq. (1.5) we obtain

s 3 (. 8% 3%
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Having taken the functional derivative of (1.9) with respect to the %, 7,
and setting 7 =% = =0, we can obtain all the modified Ward relations,
which are obtained in [{.

2. — Solutions of functional equations for the S-matrix [1, 2, 5-11].

2'1. Solutions in integral form [1]. — To solve the eqs. (1.5) it is convenient
to pass to the momentum representation:

. 8Z g 32Z 3
(Y upu+ m) 30p) @) 5Tp — k) 87k %k =in(p)Z,

3z . g J‘ 8z g

3Z 3 g J' 3z
k3 Do =tI(kK)Z— -8 so—=— 0(p—k—q)d*pdy.
( +;u}31(*k} tI(k) @) ?)? 552 @) (p g)d‘pd*q
To solve this system of equations we seek a solution of the form [5]
(2.2) z =_cfexp [ifI(k)a{k)d‘k]R(n, i, o(ky) ... a(k,)) TT da(k) ,
k

where ¢ is a constant fixed by the initial conditions. Equation (2.1) therefore
gives a system of equatim_ls for R:

g ig 3B . .
J{ermat mow—1— G vao—n} 2 as = nin 2,
: SRk, ig ‘SR 4 -
(2.3) S1p) (YuPu + m) — tzér}_*f“(k —) ) ydke=ifj(p) R,

S (1.2 2y f __._ﬁs_E._.___g J‘ _8".!3_ —g—kYd*pd4
i(k*+ pu*)a(— k)R = Sa(k) (25),31) ?3?](?)3??(&) d(p—gq—k)d*pdiy,

where

a(k) = iz—:'t);fexp [—ika]a(z) diz.

The solution of the first two equations can be represented in the form

3B _
¥(p)
s f 7i(k)G{k, pla) A*k R,

i J. &(p, kla)n(k) Ak R,
(2.4)

3R
n(p)
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where G(k, p|la) indicates the Green’s funection of the nucleon in an external
field. @(k, p|a) satisfies the equation

@8)  (Gyua+ mG(p, Higa) — oy [alp— 1) 6K, Kja) a9 = op ).
From (2.4) we have '
(2.6) R = By(a) exp [i[ii(p) @, Klayn()a*pasi],

where R, depends only on the external field a and satisfles the equation

) 3R,
(2.7) i(k*+pu®)a(—k) By= ~ Sa(k) {; :f), Sp yf (p, qlga) 6(p —q—k)d*p dq R, .

Equation (2.7) is easily solved giving
(2.8) Ri=exp Ul—f alk)(8 + ) a(— ) —
[ f oo, ey sy as] o
and therefore for Z we find
2.9) o017 =[exp U [u(k)a(k)—%a(k)ww*) al—k) +
o ifﬁ(p) &(p, k|ga)y(p) d*p — {:;T)s Sp yffdi &(p, g)a)-
a(k)8(p —q;— ¥y d*k} 1 dafh),

where 1/¢ is the value of the right-hand side of (2.9) for n =7=I=0.

2°2. Operator solution of the problem of interaction of two fields [13]. — Let us
now look for the operator solution of the functional equations (1.5). In the
case of free fields (g = 0) the solution has the form

I(z)

- (2.20) Z(g=0)=2Z,=exp|i]|ij(x)Splc—y)n(y) + —~ Dple—y)I(y)}; d'zdiy |,
2
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where
_ 1 [expliplz—y)] .,
Sr (m_y)_ (23)4". ypp“-i- m a P
(2.11) Dulg— ) = L [exelipE@—9)] 4,
rz—y)= (2:-'!}',’. P

p*+ k*
If g+#0, let us look for a solution of the form
(2.12) Z=A42Z,,

where 4 is an operator depending on the functional derivatives §/3I, 8/8,
3/37. Substituting eqs. (2.12) in (1.5) we obtain the following equations for 4:

I B
(4, 7] = idg g7y

: 3 &
(2.13) (4, n(@)] = —idgy 57 5=

; 82
[4,I(w)]= iAgSpy 335’

from which

; 3 3 3 mis
(2.14) A = exp U{eg 7.(2) VYag 575@) 31() d x” H

substituting in (2.12) we therefore obfain for Z -

= _ . 3 3 8 .
(2.15) ¢Z = exp [sg (@) y 57(@) 31(@) d‘:a]
I(x) Dyl —y)f(y}}

-exp [i[fﬁ(ww.(w—m(y} - ; a*yd'w] :

Generally, for an arbitrary interaction the operator A is of the kind

(2.16) A =exp[il,,],

where the fields vy, ¥, @ in the interaction Lagrangian are subsntut.ed reapee-
tively by —i(8/87%(x)), i(8/3n(2)), —i(3/31(2)).

In (2.15) it is possible to carry out the functional differentiation with
to the variables of one of the interacting fields. Mareover, employing ﬂmm
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erties of the displacement operator I(x) we obtain

8 D: y
(2.17) ¢Z = exp [1‘” (I(m) + ig g‘iw) Yas Sﬁg{w)) (wg 9.
3

W)} d‘wd‘y] exp [ifﬁ(a:) Sy - YInly) dx d‘y] :

. )
-(I(y) + ig 57.(@) Vap

Eliminating the functional derivatives with respect to the variables n and 7,
we obtain '

(2,18) Z= %R(n, 7, 3—31) exp [iJ.I(m) %_W I{g)d‘xd‘y] ;

Substituting (2.18) in the first and third of (1.5) we obtain

1 3R K
T 5ia) %fG(w,ylﬁ)n(de‘y,

1 3R e L

where G{xz, y|3/8I) is the Green’s function of an electron in an external field
a{x); here the substitution a(z)— 831 is effected. G(x, y|a) satisfies the equation

(2.19) -

(2.20) [¥, 0, + m—igya(a))G(z, y|a) = dz—y) .

Equations (2.19) can be solved, giving

(2.21) R = exp I:tj‘ﬁ ()@ (w, Y ‘ %) nly)dwdiy R, (-;f)] .

The operator R, depends only on the operator 3/8I and is determined by the
second equation of (1.5):

(2.22) [R,I]=

——y Spy[e (0 \ %)—affe (w y ‘ %) n(y)d‘yfﬁ(y}G(y, z

37) 2] %

from which for (2.21)

(2.23) (B, I] = — R,Spy@ (fv’, @

3
931
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and therefore

(2.24) B, = exp [mfj.dg’ Spy@ (.1:, z ’ 3) Bi] dér.

Finally, Z results from the equation
: 3
(2.2b) ¢Z = exp [sfﬁ(m}@ (w, y ‘ g ﬁ) n(y) d4w d‘y]——
— vI-Sp yG (w, @ ‘ g 3%) dg’ 881 déz exp U.M(m} Dr(@ ) I(y) d‘yd‘x]

Equations (1.7) and (2.15) now allow us to write the operational solution
of 8(I, %) in the presence of sources:

(2.26)  8(I, n) = :exp:[Q]|;0p-0 = Z[L(2) + Z}(u* — 32 9, (@), 77(2) +
+ Z733P, (2)(— 9,8 u + m), n(@) + Z7¥(y, 3, + m) P, (@)] .

The ordinary S-matrix is obtained from (2.26) when I = n=1=0. Itis pos-
sible to develop the integral solution in a powers series of g* and all Feynman’s
diagrams are reobtained. In conclusion, it is possible, by means of this fune-
tional method, not only to add up the Feynman’s diagrams, but also to attempt
the construction of methods differing from the usual perturbation theory.

In the application of such a method we find essentially two math-
ematical difficulties. It is difficult to find a Green’s function in an arbitrary
external field; integrations can be effected only on restricted classes of funec-
tions. Specific problems can, in some cases, help to overcome the first dif-
ficulty in the sense that, since Green's functions have a physical interest in
definite energy regions, we can try to find good approximations for the
Green’s functions in the external field, and from these obtain asymptotzc
behaviours of physical quantities in the desired region.

2'3. Dependence of Green’s functions on the longitudinal part of the electromag-
netic field [15]. — Let us consider the interaction between electrons and the
electromagnetic field with arbitrary gauges [3, 15, 16]. Let us decompose the
field 4 into transverse and longitudinal components:

(2.27) AP=A;+A‘=A;+§—"’,
T
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where

(2.28) J ik A’(k) exp [ik,2,]d% .

Tile interaction Lagranglan is written

(2.29) J.I,.A,. d*e = | I} (x) A (z) A4 + f aa—; Lid's = | In(w) Aj(w)d'w —J.Wd‘m,
where |

01, ()
oz, °

J =
It is easy to verify the following relationship:

(230)  [{Z,0) D0 — )T, @)}a*wdty =
= [(T4@) Dlolo—9) Iw) + I@) Dl — 9 Ii(@)}dt o dty =

=[P4 — ) Tiw) + T(@) 2@ —9) T )} dwdsy,

where
@31 Dhio—9) = 535 40— 1) = [k 40 exp ike — ] 0%

for the free field A'= 1/(k*—ick?).
The operational solution in cloged form for the generating funetion is

(2.32) ¢Z = exp “.{— J. de' Sp 7;#0(3:, xle
0
- iJ.ﬁ(w} G (w, y ‘ ;—g) n(y) d“y} d‘w]'

-exp [% J.{I:-(ﬁ‘)ﬂfu(ﬂ? —9)L(y) + L) D,';,(m — y)]’:(y)} d‘wd‘y] ;

+

, 8 3
ﬁ) 81,(x)

where G(z, y|8/8y) is the Green’s.function of an electron in an arbitrary ex-
ternal field A,, that is G(,y|4), where 4, = 4] + A} with the substitu-
tion ¢4, — 8/81, = 3/3I}, + 3/3I;. G(xz,y|A) satisfies the equation

-3 : 3o\ 1./
@38 [negg+m—ion(4i+ 5Z) |6in14) = 00 —a).
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From eq. (2.33) the explicit dependence of G(xxz'|4) of the longitudinal field
@ is obtained :

(2.34) Gxz'|A) = G(za'|ied?) exp [ie[p(x) — p(z')]] .

Therefore
)= 0(e o 2 e [s5 — 5 |
(2.35) G("‘”" |51 “G( “sp i )

which shows that G depends only on the transversal component. Substituting
eq. (2.35) in (2.32) and using the propertues of the displacement operator, we

obtain [15]
5y 8 ).,
¢ 81‘) 81,,{:0))'1 ]

(2.36) cZ = exl;[ ffde Sp(y,‘(?(

r - r 8 r - '
. EIMI . d.’vkdw,_ ean dﬂ;;')?(ml)e (m!, &y lﬁ)ﬂ(ﬂ'}l) s ?jr(a'},;}@(mk,.m;
L R |

eﬁ_).
31

n(x}) exp [” { > e[ 4w — ) + 4@y —al) — Ai(at, — o) — A zn—al)] +

m.n

+23 [ad;(m"“z) oA —z}] I:',(z)d‘z]].

m=1 az.u

exP[ {f I4(@) Dl (2 — ) I4y) + I3(@) Dby (o — y)I,,(y)}d‘xd‘y]

It is therefore possible to render explicit completely the dependence on the
longitudinal part of the electromagnetic field, retaining only the functional
derivatives of the transversal field. By functional differentiation with re-
spect to external sources, it is then possible to obtain the dependence on the
longitudinal field of the corresponding Green’s function.

3. — Some solvable models and approximations.

81. Theory of scalar imteraction [8, 17]. — Let us consider the interaction
between a neutral scalar meson and a nucleon in a nonrelativistic case. Let
us show that in this case we can easily obtain all the Green’s functions, taking
approximately into account the nucleon recoil. The equation for the Green’s
function in an external field, disregarding nucleon recoil, has the form

(3:1) [“' i __g.;.,“)] &(t, tlp) = St — 1) (@ —a') .

-



508 E. 8. FRADKIN, U. ESPOSITO and 8. TERMINI

Equation (3.1) has- the solution
L

3.2) - G(t, t'lg) = St —1') exp[égf«p(s) ds],
: .
where
(3.3) S(t—t') =i0(t—t') exp [— im(t—1')]6%x—a') .

Substituting (3.2) in the operator solu_ti_on .(2.25) we obtain the general solu-
tion for the S-matrix:

¢

(3 4) §'§_>_ < 2 dt dt,,?}(t,)S(t — ta)n(ts) €xp [%H [I(t,'m) + ji:lg &(t—s)ds].
- .

i

-D(t—t',0 [I(t’ @ ) +3> gfa{t*—s)ds“ dw‘d‘m’].

m=1
4

If we take into account the nucleon recoil, the equation for the Green’s function

beeomes
o

8 vE '
(3.5) [—ea—t—ﬁ—gw(ml}a(m,ylw)=a(w—y).

In the p-representation (3.5) becomes

(3.6) 6oy) = s | (o, i) exp lipla— )1 d'p,
8 v pV : '
(3.7 {—15—%—3% ——w—i—;fm—_g«p{m)}(}(w,p)=1.

From (3.7) we obtain

_in(2 Vo o8 BV i =
3.8) Qz,p)= fexp[ w(Zm w—g——m—@ﬁ—a —=3¥ id) | dv =

=;Ima — -Ei—w—i,& ¢(v)|d»,
foml- i (g5 —o )]

where ¢(») satisfies the equation

. © Ve
6o (gt big 29)60.
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Let us look for a solution of the kind ¢ — exp [F'] for (3.9), where F sat-
isfies the equation

ot

8 .pV 1 (oF
2 o )F*—(a.@) —99(@).

2
(3.10) i@ = (V + i
It is now possible to express F in the form of a series of powers of g
(3.11) F=3gF,,

where the coefficients F, satisfy the equation

=11 (SF oF,_,

.oF, V2 -V
(8.12) ‘—‘3$=(2—m+ “‘i"t'fp )F +z oz, oz, )‘i‘?’(m)aﬂ

Equation (3.12) supplies the expression for F, and a recurrence formula for F,:

L d

i k* pk ! 134
(3.13) F, = @ )gJ-qp(k} exp[ekm-—i( e + — + k")?] dv'dsk,

(3.14) F,= fd, exp[ {Vm Ny ¥ _H__)(v_ )] S (aF.(m, v) BF,-,(w,v))’

=] oz, om,

]
in particular
i
(3.15) . F,= EJ‘d‘k Ak f(ky k1, @, v)@(R)p(ky) ,
where
(&, kyy 2, %) =

kR o lith+ t)ajfar exp[ ["‘ D) ikt ) gy r'—v)j-
(1]

= (2a)'m

L. - ¥ pk,
J.d”xd":exl) [‘—7'[( +P ) "+ ( ‘f‘P kl‘i‘kl)’l]]
E ]
Thé operator solution for Z gives, if we take ' — gF,, the compact expression

. y 201 .
(3.16) Z=1+Y (E;T')“HE[fdsp‘d‘m‘dlm:ﬁ(m‘w“‘ AT

ReA arpl[*'(x‘ — &) Pi— it —1tY) 2%:] exp ﬁ‘RJ ’

i
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where
t

. k2 p.k ]
(&17) R= —fd k[J(k) + By 2 d£, exp [zkx (ﬂ = k")&,]]

f.—i

i k p-k 2
-D (k) [J[— k) + @ )szfdf exp[—aka:,_ (ﬁ——-?—i— k)f,,,”

and where
1

P =i

If F=gF,+ ¢*F,, we obtain for R the expression

a8y B=[akash|ifag 10 b, s to— ) 2% ka]+

'

{2“’ n=1

[J(k)+ g5 dsexp[ikwn—i(%+%£‘—ﬁ)s]]-

tn—!

E dEexp[wk;m——t( i—FM—ﬂ)E]],

(2 271)* m

where D'(k, k,) is determined by the equation

(319) (k2 pt) Di(k, k.)+gﬂz [ 16k s ta— 1) D0, )T = Bk + o) -

n=1
Solving (3.19) with respect to g* in the first approximation and keeping, in the
exponent of (3.18), only the terms proportlonail to g and ¢?, we obtain for B
the approximate expression

(3200 R=|a% [ignﬁj{k,—k,xn,z,_r;}po(k)+

n=1

i Pnk N
+§[J(k) (2n 2 f I:—tka:,,—e( m+T_k°)$”

k pk '
.D(k")[J{.— k.]+ @ }2"‘21 dEexp[—.kmﬂ—t(gn— +k°)§]] +

+ ig? E' d¢ exp [ik;’l}—-—(;%-; + ﬁ'n—k — k“) 5]} Dy(k) -

" j(k'r ks: Ty ‘n a t;} Do(kl)J(_" kl) d‘kl ]
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which, for the Green’s function, gives the expression

Ny N gt [ d% 1.
(3.21) G{p,x—z)_e(t—t)exp[——fzfm(t*tJ]exp[“{zn),f B]

Jl2 4 pur—i
.[exp [— (k2/2m + (p-K)jm —k°) (1 —¥')] —1 + ot —¥) }
. (k*[2m + (p-k)/m —k°)? (K*/2m + (p-k)/m — k)]

382, The Green's function in an external fidld. ~ We intend to study the
equation for the Green's function in an external scalar field with the same
method [17].

(3.22) (=0 + m? — go(2)) G(=, ylg) = dz—y) .
In the p-represen_taﬁbn, if

G(w, ylp) = @i—).'fﬁ‘{w, p) exp [ip(z —y)]dp ,
eq. (3.22) becomes
(3.23) [— (3, + ip,)* + m*— go(a)]G(z, p) = 1.

The formal solution for G(x, p) can be written [18]

1

3.24 = —
(B8.24) 6o 0)= G Tipy +m—s9@)

= iJ‘dv exp[—i(p2+ m2—iew] ¥ (v),

where Y (v) satisfies the equation

oY . '
(3.25) —i o= (2 + 20 + g9(a)) ¥

with the boundary condition Y (» =0)=1. As usual, we look for a solution
in the form ¥ = exp [F], where F satisfies the equation

. . oF 5 .
(3.26) ; — (04 + 2ip,0,) F + (0, F)* + go(x).

By putting F = > g"F, the following system of equations is obtained:

oF,

{3-27) —1 E—

= {0k + 2ipu0u} Fr -+ X 0yl 1 0uF + @by
+ m=1
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which gives a solution for F, and recurrence relations for F, (n > 1) [18,19]:

P, = G f (k) exp [ikz —i(k* — 2pk) ¥ 14k v/,

(3.28)

Bi= ifdv’ exp [— (0 + 2ip.0.)(v'—}] il(ame(v) D)

L]

It can easily be shown that the approximation F, corresponds to the sum of
all Feynman’s graphs for Green’s functjons in an external field, the only dif-
ference being that in the denominators the correlation terms k.k; (j 1)
are omitted for internal momenta:

(2 + Zk)r+ m?) > (p*+ m*+ 2p T ki + TKY) -

In all other F,, these omitted terms must be considered.
In particular '

(3.29) Fy=— 23 f dlli.dﬁk, f(ky, Kay @, v)@(ks) @(Ks) 5
where

(3.30) f(kyy gy @y ) =

2 (ko K )‘u‘ﬂ"“J.d ' (exp [— (ki — 2pk '] — 1) (exp [— (k2 — 2pk, '] — 1) )
~ (2n) ! (ki — 2pk,) (k3 — 2pk,) :

-exp [— i[(k, + ky)2—2p(ky + Ea)1 (v — )] -

The one-particle Green’s function to the order of g* is therefore

3.31) . Gp)= 'iJ-dv exp[—i {(p*— m* — ie)v}] —
0
s J' d*% [exp [—i(k*—2p-k)] —1 + i ]
@m)) B+ pur—ie|

(k*—2p-k)* (k> —2p-k)]’

Inserting G(z, p) in the generating functional, we can obtain in this approxi-
mation all gnantum Green’s functions. However, it is done more consequently
and elegantly in following Section (formula (4.43)), according to which expres-
sions given here correspond to the first approximation of the modified per-
turbation approach (see formulae (4.43), (4.44) of Sect. 4).
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Following [20, 24], we can obfain the fellowing expression for the scat-
tering amplitude M (p;p.|p,p;) of two particles:

M(p:pdp2ps) ~ {29 )‘J‘d‘m.@(m) exp [— tm('p, p,)]

. 9 (g 2 I
Idﬂ. exp [{2:"&)' J‘d k [ — [A(p)A+ B]] + (1o ps),
0

. q 1
4(p) = exp[—dke] [(ka F 3kpa) (K Zhps) | (B — Zhp) (e 2@.)] 4
1 1
+

(& + 2kpy) (" —2kpy) | (k" — 2kpy)(k*— 2kpy)’

1 1

B= sy — 2kp) | (K — 2kpy)(kt — 2py)

8'3. Scalar electrodynamics [18, 20]. — The equation for the Green’s fune-
tion in an external electromagnetic field has the form

(3.32) [— (2, —ied, (2))* + m*] G(z, &') = d(x —=') .
In the p-space (3.32) becomes
(3.33) [— (ip, —ied (@) + 8,)* + m*] G(p, v) =

Equation (3.33) has the formal operator solution

(3.34) G(p, @) = ifexp iiv (ip —ied (@) + a},)z —m?] .

By applying the method described in the preceding Sections we can obtain
the solution

(8.35) ' Q(p, v) = iIJ.exp [—iv(p* + m?) + F],

where F = 3 exp [n]P" and

9 g exp [— 'I.”C:z + 2'}’]‘}7] —1
Py = s A exp ) SR L
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and F, iz determined by the recurrence relations

v

(3.36) F, =i|dy exp [#(82 + 2ip.0.)(» — )]

L]
==

dz,,

iyio) 25) —du i)

For F = ¢F,, the expression of the generating functional Z is easily obtained:

(3.37) cZ = i > ),m, [HI(x.)I(p)exp [ip*z,]d* ,d*w.A(Lx)]

~1

where

(3.38)  A(L)=exp [* [—;;j f L(@) Doz —y) L(y) e dty +

n 2 5 i k% 2 "k ! —l

) Z o ) OrBE gxp\[ Ein : 2;:}.: =2 g i
2ie* [exp[—i(k®— 2p°k)v,] — . eXP [— (k2 + 2D ) ] —

+ z (23‘!}4_" ket — 210% .WU") Py = + 2p“k

“exp [ik(@n — )] + tv,((p*)® + m* — iﬁ)” '

where I is the source of the Bose field and I, is the source of the electromag-
netic one. “
If = eF,+ ¢*F, the expression for Z beeomes

oZ = i <~ (27 }2m1 HI[I{ms)I{Ps} exp [ip°x,]dép dix.A(I#)]
where
(3.39) A(I)=-exp l— {— ;pr{w) Dule— ) L(y) sz dsy+ in,((p)? + m*—id) +

—i(k* + 2p%k) K, :
E(2 )’jp“ D,,() I, (k) explika,] pF 1'(;.aurz;i!f:;.:) 11 g +

[ §

+ 3 o [0 Dui27) exp lik(wn —2.-

f{exp[— i(k* — 2p°k)v,] —1 exp[— t(k® 4+ 2p"-k}vm] —1
[( k*—2p°k Ok 2pmk

)d‘k—l—

die* . , exp [—i(k® + 2p'k] v,] ",
s E g AR ( (k* + 2p°k)? E 2p'k)]}] '
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The one-particle Green’s funtion will therefore be written

(3.40) G(p) = ifdv exp [—iv(p® + m*—4d) + My].

From (40) we obtain the asymptotic behaviour in the infra-red region (in
the transverse gauge)

o X 1 o
G40 00 = s (WW{I T3 (m’ ¥ 1) ¥ ]

8'4. Asympiotic infra-red behaviour in quanium electrodynamics [18]. — The
Green’s function of an electron in an external electroma.gnetac field sa.tmﬁas
the equation

(3.42) (Vu 0u + m—iey,a,(2) Gz, ©'|a) = d(z —a') .
In the p-representation Gz, z‘) becomes

(3.43) G(z, 2'|a) = @)t fexp [ip(x —2')]G(p, z|a)d*p,
where G(p, z|a) satisfies the equation |

(3.44) [y, + m—iey,a,@) + v, V,]16(p, xla) = 1.
I.-ét us multiply (3.44) by —4y,p,+ m, and so obtfain

(3.46) [p*+ m*—2ep,a,—2ip,V,+ (y,V,—iey, a,) (P, + m)1G(p, zla) =
=—Wubut+m.

Since we are interested in the region —iy,p,~m (3.45) becomes
(3'46} . {P’ + m? _25.?;;“5 _2ipﬂvy)g(‘p’ m]a‘) - _‘i?’y?p ‘!— m.

With the usual method it is possible to find the general solution of this equation:

(3.47)  G(p, 2|a) = i(—~iy,p, + m)J.dv exp [—iv(p* + m® —ig) + iF(y, a)] ,
. ; )



616 E. 8. FRADKIN, U. ESPOSITO and 8. TERMINI

where

@48 P 0= TG g0, (0 =
huV p

=j‘dv’ exp [— 2v'pV]2epua, = | 2¢ep a,(x— 2v'p)dy’.

The function F(»,a) has a snnple form in the momentum representation:

1 — 2inpk,]—1 p ‘
649)  Fra)=— f {%%(k)(exm 1;;:%: J )exp[sk,.m.]} Ak =

(22 ),J.Ppay(k) exp [— 21y (pk)]dy’ exp [ik, wﬂ]d k,
where

1 .
au(k) = @n) J.a,,(k) exp [—ikyx,]d% .

Using the closed operator solution (2.25) for the generating functional,
we can determine the asymptotic form of the Green'’s functions in the infra-
red region. In order to obtain this, it is sufficient to substitute the expression
of the Green’s function in an external field in the solution (2.25), after sub-
stituting ia(x) — 8/3I(x) and then carrying out the functional derivative with
respect to 8/8I in-all terms except the polarization one (Spy@). Now it is
possible to obtain the expression for the generating functional Z:

| & &
smc)) «mm)]

pa— 1 E ‘ l
z. (—=1)* [‘I‘L -“.ﬁ(pn){— iYuph + m)n(x,) exp [—ip™z,]
0

(3.50) ¢Z = exp [ [d‘ fde Spy.G (.1:,

diprdiz, dy,dy,, .
(27)*

; 1 . ‘ n
"exp H.E Lu(@) Dyl@ —y) I (y) Atz d'y + 2teffpﬁﬂp,(xn —20p"—y)-
. 0 .

I, (y)diy dv, + 2ie’fdv.’,jdv,‘,,(p§1),,,(m, — Ty — 20, " + 29, 2™)) DY —
- o o i

— iva((p™)? + m?— ie)” :
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The formula (3.50) gives the asymptotic behaviour of all Green’s functions in
the infra-red region. To obtain the asymptotic behaviour of a particular Green’s
function it is sufficient to differentiate a suitable number of times with respect
to 4n, i and I apd then to put #=4#=17=0. In particular, the Green’s
function of an elegtron in the presence of an external photon field is

51 60, 2) = i—inpp-+ m) | [avex [~ itpr + me—iep]
L ]

exp[ fI{m‘ ) D(x'— y') I(y") d4a’ d4y'— 2ie dv’L,(m’).Dw(a:"—m—zv’p) podéz

o

+ 2ie? f dy J‘dv”p}, Dy,[2(0"— )p]p.]exp [—ip'—p)a] (2‘{;‘“
(1]
where
(3.52)  Gp,p)= *fT(W(er P(a")) exp [—ip's' + ipa] ‘(5232)':3

&z
81(P) 878 oo

From (3.51), writing D,, in the momentum representation and then integra-
ting over »' and v, we obtain

(3-_53) G(p,p)* exp [iz(p — p}] ( YuPu+ m)

(2 3

-fdv exp [—iv(p? + m® —ig)] exp E J.Ip(k)-pﬂ,(k}r,{— k) d*k +

N I —

te? J‘l — exp [2¢v{pk)]
y7]

) G DDt 0]

In particular, in the case I =0, from (3.53) it follows that, as G(p, p') =
= G(p)d(p' —p),

(3.54)  G(p) = i(—iy,p, + m)|dv exp [— ir(p* + m* —ie)] + P, p),
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where
_ 1e? [ 1— exp [2iv(pk)] B
i3 41e? J:d "J:d U Dotk k 2ivk(v' "
= — {27‘)‘ v ¥V Pu #9( )pv( )exp [— ip (‘P - }] .

In subsequent calculations an arbitrary longitudinal component will be taken for

k k. k,
Dy(k) = (5#1-_1—:“’)&4’%‘1':
(3.56)
1 1
e A —
Y=pw Vop—apd®-

The integral, with respect to %, which appears in (3.55) can be ealculated more
simply in the Euclidean space. The integral for large k diverges (ultraviolet
divergence). This kind of divergence can be eliminated by means of renormal-
ization. By effecting the regularization by means of a cut-off L on the values
of k in the asymptotic region — p* asm?, we obtain

e?

: L
(3.57) F(v, p) ~ = (3 — A% log vLp. e (3 — A% log »Lm .

Substituting in (3.54), we obtain the following expression for G:

Zy(—iyupu +m) 1
p3+m! |p3!‘m!+lla

G(?]’ = j ’
(3.58)

82
a= g B4,
where Z, is the renormalization constant and f has the form

f= ijdmm“"""""‘"" exp [—ir —ex] , pPP>—mt,
]

f= ‘fdmm"""'""“’" exp [ix —ez] , pP<—md.
f :

In the region p*~ —m® and €* <1, f~1, Z,= (L/m)*"* ™4 a3 i well
known. ’

The poles of the Green’s function in the infra-red region are different from
the corresponding ones for free particles. That is, instead of 1/(p*+ m?) we
find ll(pz_{_ms)l+(s'....f!n’)ts—d'l.
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It is therefore possible to develop a systematic perturbation theory in the
parameter (p®-+ m?)[m®. Besides, the developed method allows the asymptotic
form of all Green’s functions te be obtained.

With this method the contribution of the soft photons can be taken into
account exactly [18] and the double logarithmic asymptotics of various cross-
gections for high-energy interaction in quantum electrodynamics is obtained [24].

4. — Operator continual solution for Green’s functions in the external field and
modifled ‘perturbation approach [20].

The use of functional methods allows us to obtain easily the determination
of the operator forms of solutions of equations (3.32), (3.22) and (3.42), and
the construction of a « modified » perturbation theory, more powerful than
the usual perturbation theory. In this Section we will, therefore, construet,
with the help of the operator solunon, a « modified » perturbatlon theory for
the different Green's functions.

4'1. Bose case. — Let us consider the interaction between a neutral vectorial
field and a spin-zero Bose field

(3.32) {— (3 —dep,())* + p*}G(a, ylip) = d(w—y).

Its formal solution is written

1
— (O —ieg,(2))* + p
= iJ.dv exp [i[ (0, — ieg,(x))* — u* + is]v] dz—y)=

(4.1) &z, ylig) =

> 5(m—y} =

= @a) fd‘P exp [ip(w — y)] exp [—i(p* + u* —ie)»]D(v)dv,
where @D(v) is defined by the equation
, 0D " : ; ; '
(4.2) —i =" [0 + 2ip2 + 2ep qpu(z) — 2ieq,(x) 0, — e*p(x)] D .
To obtain the operator solution of (4.2) it is sufficient to introduce an additional

interaction with a source 1, of generalized momentum /7,. Therefore; eq. (3.2)
becomes ;

. 0D ; o
(4.3) —1 % = [[Ix(x) + iI1,t,(») + 2pu@u(®) + 2ip,.0,]P,

where I7,(z) = ap—ieq;p(m).
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It is possible to shoﬁ that the solution has the form

. 4 82 :
(4.4) & = exp [ifm dff] D1(t) w0 s

where @,(t) satisfies the equation

(4.5) el By = {2ip2 + i(9, — ieg,(2)) tu(v) + 2P, 9u(@)} Py(?) -

From (4.5) we obtain

@8  &u(t) = exp[i[ar' @, + t,0") pulo— 200 —) —[1)a8)|
. 0 v

so that @ has the form

. ] ¥ 82
(4.7) @D = exp [ta" M)—Stp{ 5 d§]

.exp [i[efdw(m. + tp(v’))%(w —2p(r—)—JUd) df)HH]'

It is now possible to write (4.7) in the form

@(v) = (exp |:2i:8 P,.(r‘)q:,,(w(v’})df]) )
- 3

ok

(4-8)

1
Py =pu+53

where
r : ; 3 i 8
o) =0 —2[ P61 d =5 — 29— ) — g d

Moreover, for every function of the operator /3¢ the sign ¢ ) is defined by the
relationship .

{=_1.9) - <A'(%)> = A (%) exp [z‘ Iza(f? dﬂ‘.e].



FUNCTIONAL TECHNIQUES IN PHYSICS 521

In conclusion, for a Green’s function in an external field we have the fo]lowmg
operator golution:

= }.fexp lip(w — y)]d*p | exp [— i(p* + p* — ie)¥]dv-

(4.10)  G(a, ylip) =

. (exp_[zie P(v)pu(2()) dv‘]) .
' L]

The operator solution obtained has the advantage of being, in the exponent,
a linear function of the external field ¢,; it is therefore possible to effect easily
the functional average for obtaining the expression of Z.

From (4.10) it is possible to obtain the « modified » perturbative expansion
of the Green’s function G(z, y|ig). This type of expansion corresponds to a
perturbation theory in the exponent before the integration on ». The usual
perturbative expansion of G corresponds to the series

ea,,

(4.11) <exp [2w Py )gu(2(v')) dv ])
- =0

The modified perturbation theory ecorresponds to the representation of the
same quantity in the form of a series of the exponent:

(4.12) <exp [2£e P“{v’)qaﬁ(s(v’))dir’]) = exp [Z e"b.‘] ;
° n=]
From (4.11) we obtain, for the coefficients a@,, the relationship

(4.13) = ((sz Pp(v’)%(w(v’))dv’)“) .

In particular,

(4.14) @ = (22'}3fd kP#w,,[k)exp[elw] exp [—i(k* + 2pk)'] &,
(4.15)  ay=— (22). fd‘kd k fdvlfdvswp(k)¢p(kz)

xp[i'{(k, +l)o— 3 2pkr—ra)— 3 F "’"("'_ = 1; e ;m)}] '

A=l n,m=1

‘[2Pu Py + 2kyy PuO(v;— ;) + 2P ko O(v; — ;) + 180" 6(1 — 7,)] .
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Tt is easy to see that the coefficients b, are connected to a, by the relationship

(4.16) z (— 1)(Ene1) (Z”t . 1) H[ 1 (‘_h)"] ’

n,!\¢!

where the first sum is extended to all positive entire numbers (including zero)
such that Y in,=J. As usual, from the determination of the Green’s func-
i

tion it is possible to obtain the expression for the generating functional Z:

0Z = exp [- {@%ﬂdm d*pn(a) exp [ipaln(p)

-]

3
-Idv oxp [—i(p® + u? —-w);r](exp [23 dv' P,(v }m]>” :

-exp [(9 r {ffd'a:d‘ J.-— exp [—i(p? + u*—ie)v]-
’ [<exp [2:30 dv'P,(») mgm:D —IJH

oxp [3 f j dto d%(m}ﬁm(x—y)fem],

(417)

D, (k) = (3,,9 k‘};f") fexp [—Poe(k? + A* —de)] dex.

Ay

The introduction of two parameters s, and «,+0 eliminates divergences in
the theory. It is even possible to show that for s, and «,—>0 all the diver-
gences are incorporated in the arbitrary constants of the theory. For this
reason, the renormalized quantitites do not depend on these. In (4.17) it is pos-
sible to effect the functional differentiation explicitly with respect to I x+ Thus
we obtain for Z

(4.18) eZ = Z n('(_zn P~ Hfd‘p“ da,n*(x,) exp [ip®z,]n(p")-

.J‘dv, exp [—i((p')? + p* —ie)y, {1 + %r'{z T g déz] dsp-

J‘d! exp [—i((p{”)* + p —'Ls)'v,]} exp[m"(&; 8%)]

£y—>0

[ [ 3 f aeas+ 3 d&n.(f)” :

‘ s-l |t,-t“-0
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where
4.19 A 3-3—1-1 D I d?di ‘
@19)  Au(gs 5) = [140) Duto— I dtsaty +

+2¢ 3 [dn[atyL,0) Duly —an) P ) +
+2 3 .fde*fd*yl,‘(y)ﬁm(y ) PRE) +
[ -]
+ 2e2 gldeJ-dE!Pr’(E)E“?(m"(E) —iv.'(f’])P;ﬂ(f’) g
s - -

+2¢ S |a|aE P Dyy(2i8) — o () PLE) +

£,3'=1

+1e3 S fdffdé’rww D) — 1€ P

l-:l.l-l.

The expression of Z, if it is possible to disregard the polarization effects, as-
sumes the simpler form

Z_i ('(22--11 dtz, d*p''n*(2,) exp [ip“@,In(p)* -
- f do, exp [—i((p®)* + p* —ie),] Cexp [i4,]>,
L]

1
(4.20) An= gffp(wlﬁhe(w—y) I(y) Az dsy +

+ 232'[. % J.dEPj."(E}EM(a:.{E) = ?f) I(y) +
]

+ el Zl J.dnJ‘dE’P:!?(E)ﬁw(ﬂ?,(E) S w.,{E.-}) P;"I{E'} ’
e @

where

(4.21) (1. (8‘: P )) 1 (8‘: 8)ezrp[ Z dEt’(E)]
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From (4.20) it is possible to obtain the modified perturbative expansion of
the Green’s function; in particular, in the mira red region in the first ap-
proximation

{exp [14,]) = exp [i{4,)]

.

and therefore Z assumes the form [18]

(4.22) zZ=3 ﬂ(! ( 271:}:“ 1:"! d*Z, d‘pn*(@,) exp [ip“a,1n(p™®)-

[--]

- j do, exp [ {((0°")? + p*— ie}w}] exp [i<A],
where ’

428 =3 [L@ Dula— I dswdy +

ik + 2pk)r,] —1
K+ 297k

_5 @ alpep ® (exp[-~ i(k?+ 29k}, ]—1 iv,
= (2m) J‘d kl:P# qu(k) PP . (k*+ 219""};}‘1 + k2 + 2?“’)5) e

‘l’l{, —‘ 2e 4 ta) ()
ulk ’] ~ 2. )*f‘“‘P Dill) Fo

(exp [—i(k* + 2p* “kw,]—1) (exp [— (k2 —2p“k)y,] —1 )
(k* + 2p9k)(k* — 2p“k)

3 G2 = J.P"’D,;,{k}f (k) exp [ike,]- 2= Atk —

~1

The one-particle Bose Green’s function is written thus:

24 6V(p)=i[dvexp[—i(p + pt—ie)y + Fa,0)],
where ’

2% exp|—i(k3*+ 2pk)v]—1 iy w
“=—{on )'.[ & k[P = “"""P{ W+ opky T k=+2pk} __ID"“”"]'

The t.wb-pa,rticle Green’s function is written

4.25)  @&p) = ifd?,, exp [— i(p* + P —ie)p]-

. (exp [2s'eﬂfdv’fdv”1’“(y’} ﬁyﬂ(QIP(EJdE)P‘P{f}]) ’

b
280,00 "

where

Pyv') =P, +
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Equation (4.25) gives the modified perturbative expansion of G(p):

(4.26) G(p) = fdv exp [——'.',(;';rs + pt —ie)y + 2&’"!; ]

n=1

Equation (4.16) gives the relationships

(4.27)  a,= ((m dv J.dv"P {v )Dyg ( IP(E)dE)P,(ﬁ”)“)> =

- iy ‘ ’ 3 ;
S (2-31:)'" = J‘d }‘:J-d"'c {(P + Z ku #[8("‘1 1"!,) _9(1': vll]] + 2 St ( }) ”n{ks)

)
(Pt S 1008 50— 801 —sibug + 3 5)

Texp [21:?,':!{?! 1"1} + Z k kl'g |“vl y:l| + |vl: ] v:;l = |‘P: &= v:;l S |v:1_ ‘IJ':I)] ?

exp [e f @) d.f] |..}

In particular, from (4.27) (in the transversal gauge)

428) @ = )Jdu.:fdvfdv"

- [exp [2ipk(s"—v') — ik2}"— ¥/ || P, P, + % i8(v'— ") aﬂ] D, (k)

(21}3 f dk f sk’ f d’ f a” f ] f A%} Dg(k) Dy (K') -
1] 0 0 0

-[[(P,‘—i- ku(O(»'—}) —Q{v’—v{))) (-Pﬁ‘ k;(@(v”—vf)—-g(v”——v{}]) + % M{v’——v”)&ng]-

(4.29)  ay=—

-[(P,,l + k(O — ') — O, —))) (Py + Ko, (O —v") — O — v'))) +

1
+§Ms('l'1 vl)aﬂ:m:l_i- [Gv-,vrl_i_ovp,vv I 99,vv,_l_ vrv']

pesem LENN aouity
1 F r 4 L 1 I L " !
—g O(v'— 1) 8(»"— ¥1) Oy, o, — 1 O (¥'— v1)(¢"— 1) Opeg, Ogu, ¢

-exp [2ipk(y'— v') + 2ipk’ (v] —vy) — ik2|y'— | —
— (k)2 py — v + ikK (' — w1 + ' — ] — ' — ] — ' —])].
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For a complete treatment of the vertex part see ref. [20]. Let us now consider
the equation (a scalar model with L = g¥*x)p(x))

- (3.22) (— U+ m*— gp(a)) G(z, ylp) = d@—y) .
Equation (3.22) in the p-space is written [17, 19]
(4.30) [— (04 + 1p,)* + m* — gp(2)]G(w, p) =1,

which admits the formé.l solution

-]

5 = -iJ.d-v exp[— i(p*+ m*—ig)w]Y (»),

— (04 + ipu)? + m* — go()

431) G, p)=

where where ¥ (v) satisfies the equation

. oY .
(4.32) —i % = (8 + 2ip,0u + 9p(@) Y -

Let us introduce in (4.32) an additional interaction with #,(») the external
generator of the operator d,. Equation (4.32) therefore becomes

Y
(4.33) —i P2OD (014 2ip, 8+ it,0)0 + 0p(@) X0, 1),

which has the solution for ¥(») in the form

(4.34) Y() = exp [i ISt_(e_F)aBSﬁ

dE] Yi(», t)li-ﬁ )

where Y, satisfies the equation

By

4.35 =
( ) oy

(2040 + (%) 8, — igp(2)) Y, .

Let us look for the solution for ¥, of the form

(4.36) Y, = exp [-—f (29,0, + tﬂ(E)a},)df] B
0 .

From (4.35) and (4.36) we have

(4.37) —1 a.y’ = gqv(m + 2pv + f tu(E)dé‘) Y,,
0

oy
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from which

(4.38) Y, = oxp [ég_fep(w + 2+ 10 2¢) dv*],
0 L]

which gives Y in the form

X - r 82 . v ’ ¥ ! .
(4.39) Y(v)=exp [e:rm dE] exp [@gjq;(w —2p(y—» }—-' t{é)ds)v |,..]—

R tw 5 1 )
. =exp [-ig f w(m—zmv—w} —fm ds) dv’]exp[w: f ) deu..].
[ t [

It is easy to show that (4.38), written as a «continual integral », has the
form of a Feynman’s integral on the trajectories applied to Green’s fune-
tions [21]. Equation (4.39) eagily gives the solutions (3.28). To obtain these,
it is sufficient to turn from (4.39) to the functional equation

L0¥(v, )

32 ; ; ;
(4.40) —iZ —{Btp{v_s}aw_s)+zm8p+u-,jm_ap+g¢(w}] Y3, 1).

From (4.39) and (4.40) the following relationships for the coefficients F, are
obtained:

(4_,%1) F, = ; (—1)(1:..-1)(27,,.._1):1'1[,1_ (§)...],

ﬂ,‘!

where the sum of » is performed over all positive integers for which

zﬂi: ;.
i

Therefore

(4.42) Y,=(—1)-(fdv‘w(w—2p(i’—v’))~_f %d&)ﬂ-exp[ifﬁ(f)dflg_o]=

< 1 1
- z kmkw‘(vuﬁ (Em -+ Eml)_é [ém_fm |)]] .

m,my=1
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The expression of Z for this model (if we disregard the closed-loop diagrams)
has the form

(4.43)

1

oz~ Z (.(2n)., I1 | d‘z, d'p*n’ (@) exp [ip'aJn(p*):

'fexp [—in((p*)? + u* — ie)] Cexp [14.]),

4,0 = [0) Do—p T araay +

- (] B B -g: || L) ¥, L o
+93 dwnfaw(w.(s) nim+% 3 ofdsfdw(x.m ool +

=1

4 4. md‘p y 2 2_3 .
+ T f d*zd pf — exp [—in(p* + p* —ie)]
2

. [exp [ﬂ'g" é:l J:dfﬁif’ D(x(&) — o, (&) — 1)]] .

In. the first approximation of the modified perturbative expansion we can

replace

(4.44)

exp [i4.(D)]) = exp '34‘1(<ﬁ>) ’

i o X Iik(E,— )]
Dla)—ar (€)= o, [

k* + ur—

exp [if],

ﬁ = 21’5(?,{1’, = ‘E) = P-’("n—$ )) =
= ks["a_g 2 1".:_‘5"" 26.,-(?,—11}31 ‘Es 5’})] -

4'2. Fermi case [17]. — Let us look again at the eq. (3.42)

(3.42)

(VuBu+ m + ey, 0, (@) Glaylp) = da—y) .

Let us look for a solution for @ in the form

(4.45)

G(z, y) = (— 9,0, + m + iey, () Gi(z, y|p) .

From (4.45) we have the equation

(4.46) [_ (an - ie‘?}#(x})z + m? + €0ug "”é — ] Gl(ms §‘|'P) = 6z — ¥)
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where

(4.47) Tue=34(Vu¥o—Vo7u) -
In the p-space

(4.48) 6,(2, 9I7) = f exp [ip(@—y)]d'pGi(p, @)

Let us look for a solution

@

(4.49) Gi(p, @) = fexp [—i(p*+ m* —ie)y] ¥ (v)dw ,

where Y(v) satisfies the equation

. 0Y : .
(4-59) =t = [Ps + (0u + 1P — Tepu(@))? — eay, %Zl:] ¥

To find the operator solution for ¥, let us introduce an additional interaction
by means of ¢,(v), the external generator for the generalized momentum operator,
and with the anticommuting generator 7, for y,-matrices. Consequently (4.50)
becomes

Y )
@81  —i= [p“ + II(z) + it ()T (@) + yuTuly) — e0yq g%] Y,
where il

Hp(w) = a.u"l' ip,u_?:e{pﬂ(w) .

Let us look for a solution of the form ¥ = A(3/87) Y, for ¥, where Y, and 4
are defined respectively by the equations '

. 0Y.
= a—l':?#"';s(") Y,,

3 s g . 893;: &2
—1 ‘a}" = [p —f—H (.’E f— it,‘(.r)&wa—a;e m]fl

To carry out the calculation, let us introduce, for y, the repreéentation

(4.52)

3
(4.53) wzrﬁ-ms
where

L@
(4.54:] . {Py, I }+ {I‘p, Te}_*_ {T'u, T‘,}J_ =0 3 {Fp, S_R} = a;_u-.
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It is now possible to determine the form of the solution for

wss) V= exp|in[rae)ae + § [an g — s 2 (55).

where
) 1, E>o0,
R B St - e

The solution of the equation for 4 is similar to the solution of eq. (3.39), there-
fore we ghall now give the final result for Y:

(4.57) Y= exp[%ieJ‘Pﬂ(w’)%(w[r"})dv’]-

=7 -0

‘eXp|? [ J.fp(‘-:) d& + I J‘T.u(e dé— - J.d'fxd'fu f_u(fﬂ &6, — &) r;t{‘saz ]I‘ (8[‘)

where

z,(v) =@, —2pu(v —') —J-df Sfi(f) 5
(4.58) .- 5
1 3 ) 32 3
Pu) =2ut 3 50,00 " 2 55,00 3r,00) By

Thus it is now possible to find the operator solution for G(xy):
1 . S : g

(4.59)  G(aylp)= (T;;)ife“’ [ip(e — )] 4*p[— (24 + ipu —iepul@)) + m]-
-fdv exp [—i(p? + m?* —ie) v](exp [2%'6 P,(v') %(w(ﬂ)]) )
o 0 '

where

(4.60) (A(st s:)) (; 8)exp[ fz=(§>d§+zrfr,,(§)d§+

; J 3
s ;J 1fd§. AR e,)z(g,;] L(ET“) .
0 [
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Since 7, are anticommuting generators, the expansion of expression
14
exp [i]‘”frﬁ{.f)dé]
0

contains nonzero terms only of the kind ~1, 7, I',l",, I',I",I'y, I'\I,T,T,.

In our case, as the operator A only contains even demramves with respect -
to 7, we can effect in eq. (4.60) the substitution

v

‘ 1 .
w61 exp[il, [ at |5 (5p) > 14 ] re—rerm e asime) it +
0 0

.
+ ¥ ‘I:,! IR ACALACAEACN! (&) .

Thus, by means of introducing the generators r,, we can obtain the solution
for ¥, written in the normal form with respect to the yu-Inatrices. As the
dependency on t,, 8/37, is of the Gaussian kind, it is easy in (4.59) to carry
out functional differentiation.

As usual, let us substitute the expression for the Green’s function (4.59)
.in the operator solution (3.42) (see Sect. 2). After the substitution ip,(@) >
— 8/8J ,(x), the following expression for Z is obtained:

(462)  oz=3__1

2 ﬂ'(gn)unj‘d‘m, d*p* exp [ip*@,]7(x,) "

[+ om0~ tg) ] famexn ity + i

N — ) < 4,7 u\wd m 2\ 7

I'—"ﬂ

'BXPE iJ-J”'(m)D“{a:_y)J(y) + 2ie® .i, dEde’PL"(E)Dm(m.(é')—al’.-(é')) P&+
' e 3

.
L Py

+ 2ie? i dﬁde'Pii’(E)Dn(mi(é)-—x'(E P& + dier 3 Z & d;*PL"(s)
.Oo . i -

=1 a"=1
L

“Dyg(#,(8) — 24 (§")) P’ (§') + 2ie i fdgfd‘_w W) Doy — 2,(6) P (E) +

=1
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+ 2ie 2 d&J.d*yJ,,(y)DM(y —w.{é})P“’(E)]

.exp[ [Idf (126 + 5 1fdfjd5!11($) et — &) (& )}} ] ]

|Ty=t1=0

o3 fdf(r"’(&})“r Iy f 7 () dé +

1. ¥ Tpta) "yrie (£ 3 L
+3 dsfdev e —& e} (sp)), ] 1o,
o 0

where

,' 8
o) =—2mi—8— [ 5
(4.63) o ;
1 38 1. 32 3

PP@) =pn"+5 2 3t (E) {E) 2 W) a-’%

Disregarding polarization effects, Z assumes the gimpler form

1 i -{8) 3
(464) Z=3 ;(2,,}2..1_1 iil@) |7 (Ou + P s)m—m]-

-]

-exp [ip*'z,] d‘P"'d‘w.fdﬂ exp [—i((p)? + m* — ie)n,] {exp [4.])n(p™)

alld ¥ . -

(4.65) A,=< i,J‘J(a:}D(w —y)J (y)dwdiy + 2ie? z J.dv,J.dv,lP‘”(v,}

'Dn(:ﬂ.(l‘:] _xl'(":})Pltrﬂ + 2ie Ei dv,Pj,".D“(m,(v,} y)Je(y) dty,
0

where
5 3 s 3\
(1.66) (P (81: aa)) 2 (ﬁ’ §i)'

Tlex|i ft“’(f)d5+er;"_[dsr;"(s)—~ _[de,dg,r‘cs,}s(fl E.;)T“’(Es)] ()
L]

i=1
] L]
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Using (4.64) it is possible to construct a « modified » perturbation theory,
analogous to that developed in the previous Section. The first approxima-
tion of the « modified » perturbation theory corresponds to the sum of all
Feynman’s graphs, the only difference being that the terms k. k; (i 5=j) are
absent in the denominators of the propagators. In the following approxima-
tions we will take these terms into consideration: .

1 1 ;
Cot k) +m Op) +m+ (Ok)+23 p k,{ +,.§1(_“}}
where

2 Y ky ks

EES 1Y

T eV Am I 23 piks

It is easy to see that this ¢« modified » perturbation theory converges well in
the infra-red region where the parameter a is small. From (4.65) and (4.66)
it is clear that the problem of calculating Z reduces to that of finding the
operator {e*>. In the conventional perturbation theory, (e¢*> is defined by
the expansion e*= Y a,/n! The « modified » perturbation theory corresponds
to the expansion exp [A]=exp[> b,]. In this case the coefficients b, are
connected to the coefficients a, by a relationship of the kind (4.16).

In the case of « soft » photons the form of the generating functional is very
simple. Limiting ourselves to the first term of the « modified » perturbation
theory (b, = a,), we obtain the following form for Z [18]:

1) n
~2 (2n)=,.}nm r”. @) (— iy pi” + m)n(@™)-

‘exp [ip®a,]d*p die, | dv, exp [{A(J)],
0

1
A‘J’ZEJ‘ ) Dyl — ) Tofy) Aty — 3 o((p? + m?) +

™1

n el " exp E_ i[ki b 2?’]5)1’3] — i
(4.67) + z " (27 )zf . uo (K6) J o(k) exp [iha,] T 2'1'?% dsk —
(s (&) exp [ i’(kn =" 2}‘9{'}35)3’;] —1 E‘Il', .
f (2m)* Pi Do) P ( (k* —2p'k)? T 2p°%k d*%
5 et
5 ;r (27)* pL”D”(k)p“ e

. (exp [—i(k?®— 2?"%]"’;] — 1) (exp [— g:(ke + 2’}‘3“"?‘:} 'l".-] . 1) dk
(k3 — 2pk) (k2 + 2p""k) s
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From (4.67) we obtain the one-electron Green’s function:

6p) = (— ipupu+ m)i f v exp [— i(p* + mi—ie) v+ F()],
(4.68) -

_ die? exp [—i(k* —2pk)y] —1 iy
F(y) =— @n) j@’# Dﬂe{k)?’p[ (k*— Spk)* + e 2pk] .

From (4.68) we obtain the well-known asymptotic infra-red behaviour [18, 22]
for @G(p) which, after renormalization, has the following form (in the trans-
verse gauge D, (k)= (Bup — Fou ke k2)[(k* —de)):

_ — Wbt m 1
(4.69) G(p) = pr+m?  [14 p?/m*3e*/8n?

(),

where
1 /p*
f{p)—-—l—}——(—g—i—l)—i-(){p’—l—m’], p2 + m?—>0.

The exact expression obtained from (4.67) for G(p) is

(4.70)  G(p) =i f dv[{—-%'yppﬂ + m}<exp [2z'e’jdv’dv’ ”(v’)] ;
* Dy (') — (") P(v')> + 2&3*_(_[7-“1)”(::{#’) —a)P,(v)ady' -
L]
-exp [2138‘3 dv' " P,(v') D, (e(v') — x(v")) .PA#’)])] exp [—i(p? + mi)y],

where the operators x,(»'), P,(»') and the sign {> are determined by (4.58)
and (4.60).

From (4.70) we obtain the following expression for G(p) in the « modified »
perturbation theory:

(4.71) - G(p) = 'fdar exp [—4(p* + m® —ie)v]"
[(—iyup, + m) exp [T b.] + a,0xp[35,]] .

Expressing the coefficients b, as a function of a,,
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we obtain the following for a, and a:

a, = <(21?e’J‘dv’ A" P (v) Dyo(2(v') — :v(v”])P,(v"))“> ;
L]

(4.73) a, = %(21’@’]}-”1),.0(3:(9’) —a) Po(v')dv' -

- (2£e’fdv’fdr” W) Do (2(v') — 2(v")) Pe(v'}) ) §

in particular,

i . \1' 1 —exp[—ii(k:—2pk)v
{4'74) @ = 2e'J‘d‘k?ﬂDﬁﬂ(k) (pﬂ - § ?Eyﬂl kﬂl) pilig __(2pk p ) ] .

From (4.73) it is possible to calculate all the coefficients in the general explicit
form. We will not give the expression of these coefficients but we will note
that it is possible to develop a very simple diagram technique to determine
these quantities. The expression

. , . d*k
bdmgr—v 1= Be—* ’.[exp [—i(k* —2pk) (v —¥') + ika]

represents the fermion propagator; the photon propagator is represented in
the usual way and the vertex function ig the corresponding operator of quantum
electrodynamics.

5. — Application of the method of statlonary phase to the operator solution of
Green’s funections [23].

Introduction. — It is well known that all mathematical problems of quantum
mechanies and gquantum field theories lead to the calculation of certain integ-
rals of a definite kind. The construction of a method of calculation for integ-
rals of the following is therefore important: ’

5.1) [@aexsi 2],
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where S[¢q] is the «action» and (D,) the « measure» in the funetional space:

;i; dg(t)
_[exp [/28)(q, 200)] H dg'®)

(5.2) (Do) =

Here, £, is the constant integral operator and (g, £2,¢) is the scalar product

(5.3) 80g] = (g, 4 Qo) = }[AEAE 9(6) Dulét) (&)
o

where, with 8°(¢], the unperturbed part of the action is indicated:

8[q] = 8[q] + S(q] -

Let us examine a method to obtain the asymptotic expansion for i— 0, of
integrals of the kind (5.1).

We ghall study the asymptotic behaviour of the solution of Sehrodmger
equation

' o
(5.4) ‘ i — o =HY,

or of the equation for Green’s functions:

(5.5) ( aﬁaa-l—H)G(x,t x't)y=é(t—1")d(x—=x') .
After all, it is an integral formulation of the analogous method of stationary
phase which, as is well known, gives us the asymptotic behaviour for A >0
of oscillating integrals to infinity: '

(5.6) Sr= exp[ s ’]Hdwu

Ba

Here f(x) is a sufficiently « smooth » real function of the variables z = (@, ... @),
go that the integral (5.6) exists. The stationary points satisfy the relationship

9f(@)

(6.7) aw,

=0, i=1,2,.., N, df # 0.
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Let us summarize the formal aspect of the method. Let us expand f(z) in
Taylor’s series near a stationary point 2* = (2{® ... #{¥):

68 @)= fa) + 1 Pl

2 5ot |, O P — 2, + fubah, ),

where with f,(Ax*, #*) the folinwing terms of expansion are indicated. Let us
substitute expansion (5.8) in (5.6) after expanding the term exp [(i/1)f]. For _
each point 2* we shall have a contribution

-]

co | exp[ f(w*)]+ B Bt | @ Mo — %) 3 (Tt o).

Putting (2 —2®),/A//A= Z, and keeping the contributions of all stationary
points, we have _ ¥

(6.10)  #,~ "1 ¥ exp I:;' j(m‘*’):l H dz, exp[ 2 29z.Z,-
k =1 1,5=1

3 ({1vaz, o)) -4 = omipn 3 exp[ 1]

silin(ovigy ) el 5]

i X
exp|—; 3 9@ ¥

=1

det ) [Q2P]-

iMe

3
|F=0

where

(511) i (ky __ B’f(w}

¥ Ow.dm,

(%)

é® ig the sign of the quadratic form Q® — E.Q""ZEZ, and Q' is the ele-
f,5=1
ment i, j of the inverse matrix of 2. The quantity 6* is written in the form

(5.12) | B el

where y$ and y* respectively are the number of positive and negative eigen-

values of the form @®.
Since @* has no zero eigenvalues

(5.13) P =Nl
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so that -

(5.14) W= N —2y®

s;.nd 80 .

(5.15) exp [i i-: 6”"] — exp [3 ?: N] exp[ y‘_"]

51. Schrodinger nonrelativistic equation. — Let us now consider Schrodinger’s
nonrelativistic equation for Green’s function:

(5.16) {—‘i %—-:?1 + U=, t)] G(x, t; x', t') = d(x—x")0(t—1'),

where #i =1.

We shall find the asymptotic behaviour of the solution by means of the
stationary phase method.

Let us look for a solution of (5.16) in the form [17-24]

d’p
27)®

(B17)  Glx t; %, 1) f( exp [ilp(x — &) — ot — )] 6, p, ©, 1)

By substituting (5.17) in (5.16) we obtain the following equation for G(x, p, w,1):

(5.18)

o Ve pV
ot 2m

_g___ —|——~—w—+— U(x,t)}G(x,P!w! )_]

which gives the solution

1
@) —V2m—i(p-V)m + p*2m— w+ U(x, O)—ie

= ifaz,en|[l-o0-500 + £ —i V) O(at), ) s}

(6.19) G(x, p, 0 1) =

(— i) d‘!’r] = ¢ |dy exp [— iy (%; —w) exp [— 3"1¢("’! P, 0, %, t]];

where ¢(v, p, w, x, t) satisfies the equation

- l_g 9_3—£%+ Ulx, t) $(»)

(5.20) N O

. O¢(v)
! oy

with the condition ¢(0) =1.
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Let us now introduce an operator t(v) representing an additional interac-
tion; eq. (20) becomes

(5.21) i%:{—%—i%—é}%—ér(v}-v+ Ulx, t}] $(» 1),
where
(5.22) ‘ ¢(0, t) = 1 and ¢(», 0) = d(»).

Equation (5.21) is equivalent to the functional equation

. Og(y, ¥) ik 32 . 0 .p-V_.
(5.23) S [— 3m $v1() s it(»)V + Ula, t)l (v, 7)

with ¢(0, ) =1. Equation (5.23) admits the solution

5.24) 40, %) = exp - f s ]m, 0,

where Y (v, x) satisfies the equation

(5.25) ket i e T {_ '%*‘52;: — it(»)V + Ulx, s)} Y(, )

with ¥(0, 7) = 1.
Equation (5.25) is a first-order differential equation and we seek the solu-
tion in the form

(5.26) Y(v, ) = exp [—J‘df [% + va -+ (&) V” Y» ),
v .

where Y,(», t) satisfies the equation

g 0¥,(», )

(5.27) -

= R(v)U(x, t) R(v) Yy(», t) =
=U (t -+ Yy X + p—‘f +IT(E} dé) Yl(‘y! 1)
- m
0

with the condition ¥,(0, =) =1.
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Therefore,

',I

(5.28) Y, (v, T) = exp [— i I U(t 4, x+ ﬁw-f- t(z})df)dv’].

By substituting (5.28) in (5.26) we obtain

r

(6.29) Y (v, t) = exp [— 'J.U (t —(y—), x— ﬁ (v—2')— t(f)df)dv’]
L] :

»”

and therefore

(5.30) Pv, 7) = exp[ _[8’:’(5) ]

'GXP[' 'IU(t—(f—? )y ®— (1’ . i T(E)dE)GV'].

In (5.17) it is possible to integrate on w. Thus we obtain

dp

(5.31) Gty 2, 1) = s

G{P: x,1,t') exp [ip(x— x')],
where

(5.32) @(p, x,1,1') = exp [—i % (t —uz'}] 0t —t)plv=1—1', 0).

Equation (5.30) for t—t'= T becomes

(5.33) Pr=t—1t,0)=

r

r :
_f-’.(Dar) exp l:tf [m—r;{r] —-U (t’ + 9, x—i (t—v)— t(E}dE)] dr] 3

where

11 d*z ()
(5.34) (D9T) = — = : :
JTT e @) exp [ifme@2)a]
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By integration on d*p (5.31) becomes

(5.35) Gz, t; x', 1) = iﬂ{T}f{D“’T}é(x—x’-— T(£) df)_-

‘exp [iﬁv[m";{?) — U(t’+ v, x —fr({-‘) df)” =

v

= i6(T) f (D®'7) 6(x~— x'— | T (&) d§) .

[

exa [ [T v e n s fra)] .

Equation (5.35) provides the functional solution. In analogy with the stationary
phase method of the previous Section, we determine the extremum of the
functional

T i r
(5.36) Sir] =”m‘:“’) - U(t’+ v, £ — | w(£) df)]z dv
[1] v
with the condition Mol
(5.37) PR o f T(&)dé .
]

Let us consider the functional

(5.38) 8%, A] = S[*] + Zf'r(.f)df !
’ L]

The funectional derivative calculated in the extremal point gives the condition

88[t, A] ' raU(t'+ v, %(v)) =
8ta(n) Rt . Oy =) v+ 4, =9,

-3
o

(5:39)

where « =1, 2, 3,

(5.40) : ay)==x —f—r(f)dé .

The differentiation of (5.39) and (5.4(}) gives
Ll U+, x(p))

(5.41) - dn* - 0%, ’
Za(T) =@ o, 24(0) = &y - x=1,2,3.
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The solution of system (5.41) is not unique. For definite conditions a solution
of (5.41) as a function of x(0) with x(0) can be given:

(5.42) @, (n) = 2,(n, x(0), £(0)) .

Then, the number of extrema coincides with the number of real solutions of
the system with respect to x(0):

(5.43) z, (T, ', (0)) ==, .
Taking £*(0) from (5.43) we obtain k extremum

(5.44) x®(n) = x(n, x'; ¥(0)) ,

so that
5 dz®(n)
4 Bp) = — 1"
(6.45) T™® (1) &

Let us develop the functional S[x]in a Taylor’s functional series near the %-th
extremal:

T :
1 328
L S[*3=3f*“’1+§fﬂ”’dﬂ”§W$m w ATV AT S [, <)

where _
AT“(‘??} = a(’?) =] 7?’{7}') .

Here, 8, indicates the higher-order terms. Substituting expansion (5.46) into
(5.35) we obtain its asymptetic behaviour:

(5.47) 3 exp [i8[x*]] f (D) a( f v(ﬂds) :

exp[ J.dn fdn" "”m,n")ntu)rp(ﬂ’)] 2 !(3St['t ™) =

= 3 exp [isi=)] 3 o (iﬂx[—e‘%, r]) f = f (Dw7)-

exp[ J.da? ay" QB 1) Taln’) pn") + sJ.dﬂ 7a(n) (Pa + Jg(n))] ‘;-. .
L] °
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where

0%, 1) = s—ole]

=5 (&)

The Gaussian integral in (5.47) gives

(5.48) I(p)=

= f (D®1) exp[%’qu’dq” By 1" Tuln) Ta(n") + %fdn(pa + Ju(n)) ra(n)] =

L] L]

1 |- n
=|Det]— O] | — .
et[ 0 ] | exp[ i ]

T

exp[ 3 [/ a7/ (o + 7200)Gugts ) 00 + )

where Det[(1/m)£2®] is defined by Fredholm’s tensorial operator integral of
nucleus (1/m)Q2%(n', n"); Gy, n") is its Green’s function which satisfies the
system of integral equations '

(5.49) f QEn, ©GHE 1) = .00 —7)

0
If, with y*, we indicate the number of eigenvalues of the form
r
[ an QB o', ' ey 2atr")
o
by integration on d*p in (5.47) we obtain
a2 p 1 (k) K
[amim= ‘D"t[ =

Bxp[__ f dy' dn"7a(n') GLE (', 1 )Js(n”}]

- m P
exp[ igy

r F

a2 1 i o

(6.50) |7 (2::)}1: exP[_E P“pﬂfd”'dﬂ Qaptn's 1’ )—%:Baf dn'dn"@apln’s ')
) 0

Tatnt) = | Det - @] aeti L1

r
oxp [ [an'an' . 30r', w0 i) + 5 Q:."’(A‘*’—‘m@?’],

-+
exp [— i% @ ""] (2m)t-
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where

by —fdn dn" @R, ") ,
(5.51)

:‘kl =fd7?'d??"623(7?’: ﬂ”)Jﬁ(ﬂ’) H
o

v .

and ¥ indicates the sign of the form (ZP,P,A:‘,). It is therefore neces-
%, =1

sary to determine the Green’s function and Fredholm determinant of the

integral operator in order to obtain the asymptotic part of the generating
funetional.
The generating functional = of the action has the form

»s * U+, 20) .

(5.52) St () 3al) m8upd(n—n') —| dv — a0ty 0(n—»)6(n'—v)dv=
1Tt +», ' R T(t +,

= mdpdtn () —0g—) [y ZHEER O g fa —g;g—%ﬂ

[} [}
minln.g')

0:U(t' + »,
= MOypd(n — ') — J. (aa:a:':(v))
0

Calculating (5.52) in the k-th extremum, we obtain the following expression
for (6.51):

T’ n
MGag(1, 1) — Rap(n) | Gpolé, 1) & —J.Raa(EJGao(é, 7')dé = 8apd(n —n')

n

£
(02 U((¢'+ ), =(»))
R.5(8) = 5% 365 dy.

(5.53)

Introducing the function

r
(5.54) IG,p(E, )4 =Typln, n'),  Gypln, n') = — W !
]
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for I',; we eagily obtain

" d'Paﬂ("?? n') + Ly U{t +» x(’?}) T

dn? e O3 oMy ') = — a0’ (n —17')
15:50) (n n)\ 1
I (T,n')=0, AL eg(n, = — = 8(n").
we(Ts ') dn e = (n")

The solution of (5.65) can be written

1 . '
(5.56) Taglms 1) = 5~ [(I2elms 1) + sign (n'—n) vao(n, 1)1,

where I™ and y satisfy the relationships

arzs

' dy. 4
Tty 0 aes = vl Ty, 5 _ Gyapln, ')

n=0 N d’? n=0

5.67
( ) dyaﬁ (7

n)‘ i,
H’

V(7 N Mg = Oap s

Equation (5.55) without the right-hand side becomes

m E2el) _ _ 3U(t 4, 2(n)

e = e 2(0)=a%,  &(0) =&,

(5.58)

gso that the system of solutions is

0a(n) 04(n)
dwp(0)’  dp(0)

In this way

(6.59) vep(mym') = a——%‘(m Coh(n') + gﬁo; CE (),
(0 "N a(’?) m Oz (n) (s) '

(5.60) Tag(m,n') = (0) g(n') + e<°l y UBN

where C.l3" (1') and C33(n') satisfy the syst-em

am,{q ) ( a{’)‘ ) m ;
3 fad Wy r 0Za(n' (2) .t 7 (2)
(5.62) aw:(’f,,’ CF () + g;,‘;;)’ 0B =0, 2y =— 0%,

0z, (T) _ 08 o o SR
(5.63) s 0) Co (1) =realTy ')+ 55 G O ).




546 E. 8. FRADKIN, U. ESPOSITO and S, TERMINI

Therefore

(5.64) Goupln, ') = 1 (ax,(‘l;'} m( )_a:.r“(fi) Cm'[ ))

T om a:u,(oy @A) g (0)
l r x 1] G(’?) 1) ax'“{?}) 2 !
+ o 8apdln—n') — -2; sign (3 —n)(a%w) Ces ) + 3z, 0y Cerl )) -

Here we note that o&,(n)/02,4(0) = cz,(n)/czs(0).
From (5.61)-(5.63) it follows that

[Sw(T),’aa:(O) oa(n) 0z(n’ )_ By — ,)ax(vg ) Sa(n)
da(T)[dz(0) 0x(0) Ox(0) d2(0) dz(0)

d(n) ox(n’') :
3u(0) dw(0) T 01 )] :

(5.65)  G(n,7) =

—btn'—n)

From (5.62) it is possible to determine Fredholm’s determinant of the gen-
erating functional:

(5.66) Pet (1 + Ak) = exp [Sp In (1 + Ak)] = exp [Spf 1T 75 ]

which gives the expression

. 2 [ " S*U t' +

where @,;(n, 7'; 4) i8 the solution of eq. (5.53) with the substitution U— AU.
Equation (5.58) is written

1 dwa(n) _ OU(t'+ n; =(n))
(5.68} 7m e Ers
with @,(n) = @,(4; 1; x{O),x{O)), and by integrating (5.67) we obtain, as a
final result,

1 B ' dz(T)| _ D(=(T))
(5.69) Dt [; 9] = det‘*’{amw} ~ D(x(0)

In other cases too, we can demonstrate that the integral operator with the
nucleus [25]

minty,g")

(6.70)  dudtn—1)+ [ QuEIdE, §i=1,2,.,m, 0<n, 0 <T, Qu=u)
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has Fredhulm’s determinant
(5.71) | D = det [@(T)],

where @) is the solution of the system

d: _
- (5.72) an? Pus(n) — Qulm) @as(n) = 0
with the initial conditions
(5.73) Pu(0) =04,  @u(0)=0.

For N =3 we obtain once more (5. 69)
Let us calculafe .

(5.74) Auy=[an' [ar @0, 7).

It is possible to calculate A,; using the explicit expression of G,4(%,7n"), but
it is easier to obtain it directly from the equation. From (5.53) we obtain,
by integrating,

mfdn s )= apfmjdffdn Gpeldy 1) — f dER, ,te)fdn G,JM}—%

So, if T () = J' dg_[ dn' G (&, '),
n (/]

m A2l 'o(n) 8’;'.7(&’+ 7, %(1))

dn? dz, dxs * L'ge(n) =0, Pﬁn(T) =0,

(5.75)

o Aloen)| _ 1
(5.76) | o Wi Oag s

the solution has the form

ama{"?) (1) 8w 4(n) @
(0)0 n(ﬂ)a

(5.77) Fagln) =
As

1
(5.78) | Cp=— o Oat s
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we have

02a(T) Aoy _ laxa(m
W) 0,(0) 0d = 3p(0)
In this way,

4 awﬂ(??) a 1 a.’l?,(?;-'}
where
(5.81) [ @.gn, ') = Tupl0) = 0.

o

Then, for (5.79), we obtain

dwa(T) , 1 dma(T)
dwy(0) % T m dxg(0)

(5.82)

and again we obtain

1 detiy, [02(T)/2(0)]

(5.83) detinr 4 = 5 Fete, [02(T)/32(0)]

From (5.83) and (5.69) we have

| i.1. 1 ow(T)
(5-84} Det [E Q:l detm) A= E’ d.etm)[w] .
Substituting (5.84) and (5.65) in the expression for G(z,t; =, ') We obtain

o it o2V : PO CEalE) [
(5.85) G(x’g;x,g):i.ﬂ(t—t}(._’?) gexp[(w{ﬁ}ﬂ[f‘”]]\detcaa[aZT,(o-)'i '

.exp I:_:;ﬂi' S g (?{h o ?ikl):l i,’_}i (i sl[_ iﬁ‘ %’ T(kl])“.

1

T
bl [‘%J.d’?’d'?”a(n') G’y 1) Tal") + 5 QAN Qé“’] .
o .

where y® is the number of zeros of dety [0@(n)/0z(0)] in the k-th extremum
for 0 <n<T; ¥ is the number of negative eigenvalues of the matrix A®.
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We can demonstrate that y* —p* = y® where & is the number of zeros

of det,[0w(7)/6x(0)] in the k-th extremum for 0 <n< T;

e 8 @ 3"8[~]
—ghy — — : 5
(5-86) S][ ify 8"-1 Tu‘?] “ggn f;'.dnl d-??n srui(ﬂll N 81’3"{??,.) A
(— *iﬁ)"-" 3 8

80 (ms) " 8 (1a) "

Equation (5.85) allows us to obtain the asymptotic behaviour, the most im-
portant term of which, in the classical limit, is

(6.87) Gx, t; 2/, ') =i0(t—1') ( aﬁ) ex p[__ iim] g exp [ (i/%) 8[x™]] -

.exp [— i= }’?’] | det [%:;:‘:E—g))} l—‘ 2

This becomes
L t 9 ’, 2”5 _' 305%. i k) .
(5.88) G(x,t; 2', 1)  i0(E—1 )(W) exp [—— 5 ]g exp [ﬁ St ]]

QT i% 4 b2 1
Exp[ :;y(k]] detm; [a;w—'(i[)_;:lf [1 + : f I—_[ dq‘

=1 STa;f("‘?t) e ]L-rm =1 0 a (M }J

?

‘exp [_ _J.d’? d’?”J (’? )G( (n ' 7 )Jﬂ(ﬂ”]:’ + Q;k}(A‘*}}‘;iQ(il

whilst

)
(5.89) (1] 3%'(,}‘)) S[r] = f (1'[ Onc— ) a;) U+ v, () dv.

i=1

So far, we have obtained results regarding the asymptotic behaviour of the
Green’s function of Schrodinger’s equation in x. Nevertheless, these results
can easily be generalized in other situnations, too. In particular, we shall show
the asymptotic behaviour in the (p, x) representation. In this case, the Green’s
funetion is obtained as a Fourier transform in the difference (x — x') of the
function &(p, x,1,1t’) in (p, x):

ds ) '
(5.90) Ox, b5 2, ) = [ G2 explip(e— =16(p, 2,1, 0),
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where G(p, x,1, ') satisfies the equation

LG(P: x, i, tr) = a(ts t!) y
(5.91) ;o v V. P

The solution of this equation is obtained from the formulae (5.31) and (5.32):

G(p, x,t,t') = i0(t —t') exp[—i'- %& (t— t’}] .

T
.J‘(D’I} exp [aj[w —U(t'+ v, x(v}]] dv] ;
(5.92) . . 2

r

x(v) = x—— (T —»)—|=(f)dé.

v

The calculation of the second-member integral of (5.90) is done in a way similar
to the proceding one; the only differences being those regarding the approach
to the problem of the extremal trajectory and the fact that in (5.92) there
is not the analogue of the integral (5.47). The extremal problem consists in
finding the extremum of the action in the exponent of the integral (5.92):

(5.93) o T2e) _  BU(H 4+, 2(m)

dn? o,
(5.94) 2o(T) = @4 ,
(5.95) Ea(0) = =2
— _Da
(5.96) 7;(’3) == ma(?}') Py

From the extremals 7¥(n) given by (5.93)-(5.96) the Green’s function in the
representation (p, #) can be written thus:

(6.97)  G(p, x,1,t') ~if(t—1') exp [—z' P qz*)] :

de‘b{si[;::ig?”

. S grem]_ i o m
gexp[ﬁf}[r J<tsy ]

n=8

< 1 ) E) t N L
z = (?: ( ikt 57 'ruo) exp[—%qu-'d,;v <) GB My ") Taly )])L-. i
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where § is the action in the exponent of the integral (5.92), S, is expressed
through § by means of the formula (5.88), Gv3(r',7") is defined by means of
the formulae (5.62)-(5.64) but in the extremals (5.93)-(5.95); y® is the number
of zeros of det[0z(n)/ex(0)] for 0<n<T in the k-th extremal (5.93)-(5.96).
The problem (5.93)-(5.96) is solved in the following way.

Let us find the solution of eq. (5.93) as a function of x(0) and £(0):

(5.98) (1) =41, %(0), £(0)) .
Then, we find x(0) a8 the real solution of the system:

(5.99) @y (T, x(0), —g) =

The asymptotic solution of Schrédinger’s equation

6'}-"(:, t)

(5.100) i% l——w + Ula, t}} Y(x, 1)

with the initial conditions

(5.101) | Wz, 0) = p(x) exp [,% &.(x)]
is written '
(k) —&
(5.102) Y(x,t) ~ Zexp[ S[x‘*‘]——i = ‘*’]tp(w‘”{o}) detiy gﬁcm(g; | ’
where S[x®] is the value of the functional
LA mE
(5.103) 8[x] = 8,(x(0)) +f [ ) _ g, n)]
in the k-th extremum, datarmined by the equa,tiom
‘ 9 aU(=(n), n)
MTa(n) = — -
.104
® 024(0) : _ To(l) = Tu .
52. Scalar electrodynamics. — Let us conmder now the relativistic equa-

tion of scalar-particle electrodynamics
(5.105) {— (Bﬁ—ieA#(a}) )2+ m2}G(x, y) = 2 —y),

where & =e=1.
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Let us write the solution of (5.105) in the form

(5.106) Gz, y) =i f dv exp [— »(m* — ie)] J' {Du)d(;:— y—2 _[ 1(€)dé) exp [iS[1]],
(1] o .

where

(5.107) ' Si] =fd,,r[g;(,f) + 2et, (') A#(m—2 _[ t{é)d&)] i
TT de(é)

(5.108) (D%) =

[TT a*) exp[i fr2(¢) ag]
&0 1

The extremals of (5.107) are determined by

(5.109) 'L:@_z Fyfat) 27 e(’?) _o,
(5.110) mﬂ(,) =a,,
(5.111) 2,(0) =9, ,
(5.112) @,(n) =x,—2 f. t(E)df .
2

The functional derivative § is

38

30,0 = 2tp(E] + 2e4,(8) —4&[:! (+") aa: @ (z(v'))6(& — ') dv'.

(5.113)

From (5.113) we obtain the generating functional

38 = _ aA#(‘”{ﬂ})
BI) o = 2w b — ) — e 8¢ —n)—

8

ow, 83:,,

[4
. | da,(v') A 4(2(v))
—i-4eﬂ(n C)I o (;1-’ aa:Pam, ’
I [ ]
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The Green’s function of the integral operator with nucleus (5.114) satisfies
the system of equations

(5.115) [6.&mac=Tpm ),
L]

dspfn(’?! n ) a_FEg(f_(F)_) dﬁ“@ I

zeFu(x(n)) x'(::’ 2 2e

(5.116) dn® amz dz wh ') =
1
=—5%0m—n",
Luolv, ') =0,
b5.117 dl.,(nn' oA (z(n) Ry 1 P

The solutions of these equations in the k-th extremal glve (the index of the
extremum being omitted)

i : . .
(6.118)  Gaplny m') = 5 Gapdly —n') — 7 sign (n'—x)-

taln) |, G 1 [32a() 74
. Qxa{n) C;‘lél(?};)+ Ea(7) O‘ T )] [3’-" {7?) il{ N4 ax {0) 0; (n )]

Ba,(0) 32,4(0) 1 | 32,(0)
(5.119) a;‘:(';; CiBn )+%z“(£)) B = aaﬂs..
6:220) S OBy + Gty OBt = 2eFen(atr)
(.121)  CBon') + OB + 2 ‘%"f{;’)” () + CBer)) =0,
Gaz) G (O — OB + g (OB )— C) = .

Using these results we easily obtain

6:128)  GG@,9) =] (o exp{—ismt —ie) 3 exp[i8lx1]-
' - ; x

(sl B sy o]y

-exXp [——fdﬂ’dﬁ"afa(v YGB ', 7" I p(n") + Q""(A"")"QB”]

]
J=0
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where S[t*] is the action (5.107) in the k-th extremal,
(5.124) QP = [an'an' @, )T’ -
]

From (5.107) we can determine 8, and we can obtain an expression similar
to (5.86) where o, ..., 2, =1, 2, 3, 4; the matrix /"™ satisfies the system (5.125)
which is calculated in the k-th extremum-

0za(v) _, O%a(®) aA,(xw))] qa _ 1 99u(9)

) 80,(0)  “C ady(0) 0zg0) | % T2 320"

6. — Construction of the generating funetional for Yang-Mills and gravitational
fields [26).

6'l. Yang-Mills’ field. — Recently 'many authors have investigated Yang-
Mills’ field in detail. In ref. [28-30] Feynman’s rules for massless Yang-Mills’
fields have been suggested and in ref. [31-33] the renormalizability for Yang-
Mills’ fields with mass is discussed. The main difficulties which are met in
field theories with gauge concern the description of fictitious longitudinal fields
and the unitarity of the S-matrix in physical subspaces.

We shall write the Lagrangian of Yang-Mill’s field, in an arbitrary covariant
gauge, in such a way that the fictitious particle is free as a coniiaquence of the
dynamic equations, and, therefore, the S-matrix is unitary and gauge inde-
pendent. Feynman’s rules, obtained for massless fields, coincide with those
of ref. [28-30], and, for massive fields, correspond to a renormalizable theory.
The S-matrix, with Feynman’s new rules, coincides with the S-matrix ob-
tained in the usual formulation. It is well known that a term Bo, A, (where
B is a fictitious scalar particle) must be added to the Lagrangian so that an
electromagnetic-field theory in a transversal gange can be formulated. The B
particle is free and the S-matrix is unitary. In Yang-Mills’ theory the direct
use of this method fails. Thus if

(6.1) L=Ly+0,4,B°,
where
(6.2) L,=—1}65-6G5, G =0,A%—0,A45+ A-f*-4}4;,

the following equations. for the field B are obtained:

(6.3) VeaB =0, Vi=4,0,+ A 4],
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The B particle is not a free one. For this reason Feynman’s ordinary rules

give a nonunitarity S-matrix.
The nonunitary S-matrix is produced by the generating functional

(6.4) _ Z= J' d48(3,4,,) exp [if(L o AﬂJn}dm] ,

In order to solve the problem, let us introduce a Lagrangian multiplier in the
following way (arbitrary gauge): :

(6.5) L= Lo+ 3,45 B+ ; By B,
where _
(6.6). B(a) = [ayDii(@, y; A)B'w)

where D is fixed by the request that B should be a free ﬁeld. By variation
of the Lagrangian as a consequence of dynamic equations, we obtain

(6.7) 0,45 = —aBg,
(6.8) _ . V29,B:=0.

Then D, must be taken in the form
(6.9) DP=D,0, V23,D%x,y; 4) = d,@—y).

T];e generating functional obtaineﬂ from eqs. (6.5), (6.6), (6.9) is
(6.10) Z, =fdA dB exp [if(L,, + 0,4, B, + g BB, + A#J,‘) dm] -

=[da exp [iJ‘(L.,— o BB, 4, + Ag;?“) dz + Spln vpa,,].
In thg case of the transversal gauge (x =0) we have (see also [28])

611)  Z, =jdaa(a,,A#) exp [z' f (Ly+ 4,J,) + SpnV, a,‘] :

Feynman’s rules for the perturbative caleulation of the generating functional
(6.11) coincide with the rules suggested in ref. [28-30]. It is possible to show
* that a gauge transformation exists which changes the Lagrangian (6.4) and
the generating funetional, on the mass shell (S-matrix), with different gauges,
into each other. This proves the independence of the S-matrix on the gauge «.
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For an infinitesimal variation 3« the transformation has the form (see also [29])
ey ° A5 > 45— g_z VeDPa, 4, .

The corresponding Lagrangian in the Coulomb gauge becomes

(6.4a) L= I+ 8,4%2)[a*yDP(e, y; 4)AB*W), =0
where D, is determined by the condition

(6.9a) Vi o, Dy(w, y; A) = 8,,0%(x—y) To=Yo .
The generating functional has the form |

(6.11a) 7= 44(3.4,) exp [ifzo+ 4,980+ Spln V..

It is possible to show [36] that the canonical quantization procedure applied
to the Lagrangian (6.4a) leads to the generating functional (and to the S-matrix).
Moreover, we can demonstrate that the S-matrices in the Coulomb and trans-
versal gauges are the same. Now let us examine the massive Yang-Mill's field.
Let us write the Lagrangian in the form

6.13) B By m{A;A:.

The S-matrix of this theory is .

(6.14) 8=:C I;IdA::(m) exp [ifd‘m {A,‘:’(— O4m}) A, + L+ ’%"" A:'A;‘;” ;
Let us multiply (6.14) by ¢(4) [28]

(6.15) B(4) = A(4)[du(s) 8(3,45) =1

and perform the gauge transformation A;-»AF, then the expression (6.14)
transforms into :

(6.16) S———:Cfdp(ﬂ(m)) A% (2, A,) ABXi |da-

{ap0+ m,+ Lo+ G sn [ (2, sasar) |,
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where

1

7 879,8,

A(A) = Det [d“ + Ae®°4;0, %-], ﬁ: = s—l(x)jpg_
S(x) is a unitary 2 X 2 matrix with det 8(«) =1, du(S) is the integration meas-
ure over the group SU, [25]; A= 7*4% Spr*7f = 6*. Taking the parame-
trization of the group transformation in the form

S(u) = (1 + i@) ,

1
V14 u?

. du(w) - ; .
K _.cfl:[ AT u,),J‘dA,A(A)a(a,,A#)

(6.17) ‘exp [ifd‘w[A“(~D +ma) A, + Lo + % A4, + L:]] ’

mi

L= 2721 + u?) (Cuu*)?— (0,u% 4 [u xa,,u]“) -

(w0, Ly)? o ’mzA;
14 u? 142

Making the substitution % — (4/m)% and keeping the terms of the lower order
in 1 we obtain that the integral of 4’ is equal to A~¥%(4) and

(6.18) 8 =:0|d454%A)d(2,45)"
: -
*exp iJ‘d‘a:[A“'(— O+ m)Ad,+ L+ T A5 A‘j'.] i

The expression (6.18) gives rise the perturbative series suggested in [31, 32].
This expression (6.18) gives the asymptotes of § in the limit m — co, but in
the limit m — 0 the group integral on %" in (6.17) is equal to one, and the
S-matrix coincides with the S-matrix of the massless theory.

62. Feynman’s rules for the gravitational field. — In Subsect. 6'1 we devel-
oped a method for constructing Feynman’s rules for fields possessing an in-
variance group. Now we shall apply this method to the gravitational-field
theory. Feynman’s rules coincide with those of ref. [28-30]. On the other
hand, in eontrast to [28-30], it is possible to see the unitary of the S-matrix
in the present method of construction of Feynman's rules. Let us consider
the gravitational-field Lagrangian:

(6.19) L=1IL,+ Ly, Ly= — ‘\/__QR(QJ ’
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where g,, is the metric tensor g = detg,, and R(g) is the scalar curvature.
The term I, is added to the invariant Lagrangian so as t¢ specify the gravita-
tional-field gauge. Let us consider the gravitational-field gauge described in
terms of the quantities §,,:

(6.20) : - ali 9 =al,, 9 =v—gg" .

Let us take I, in the following form, as we did previously with eq. (6.5):
(6.21) L, = 3,0"B:+ EB}, 8B,
where ¢ is Minkowski’s metric tensor and

(6.22) Bi() =[ayDi, @, 4; 9) Byw)

Taking into account the vanishing of the covariant divergence of Einstein
tensor one obtains

(6.23) ' 8, =—ad” B,

(6.24) (390,09, + 639,90, + 2,9"°0,]1B; =0 .

In order that the B-particle may be free, D, must be taken in the form
(6.25) . D}, =[8,9*0,9,+ 8,0,9*2,+ 2,979, 0.

Finally one obtains for the generating functional
(6.26) ZP =|dg* dB, exp [ijdm(L, + L, + ?’JF,)] =
1-
=J-d§ﬂv exp [s'fd:c (L., =g 0,9%4,,0,8" + §°J ”) + Splog [D:ﬂ]—I] ;

In the transversal gauge (« = 0) the above expression reduces to the simpler
form

©21) 2= [0 82,0 exp [i[anZy+ 977,,) + 48p10g 93,3, .
Feynman’s rules for the perturbative calculation of the generating fune-

tional (6.26) coincide with those of ref. [28].
Now let us consider the class of the gauges of the gravitational field de-
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scribed in terms of the quantity

(6.28) 630 g, — &a,.gd = ¥

Repeating the previous process we find the corresponding function D,:

(6.29) i, =19, 0,
(6.30) Q= 0000, 0 + (2ufus— 100,080, + 67850, — 570,).

The generating functional in the gauge (6.28) is
(6.31) zZ» J‘dg,,, exp[ J‘dw (L — 2i 0y + y,..J"’) +Spln Qw].

For &« = —1 we obtain the version of the perturbation theory of ref. [29, 30].
In proving the gauge-invariance of the S-matrix, we note that the set of
interpolating fields

(6.32) @ =0, and g, =g¢"

brings us to the same S-matrix, for arbitrary power of p, as described in
Borcher’s theorem. It follows, therefore, that the S-matrix is independent of
the choice of functional variables of integration within class (6.27). A proof
of the « independence of the S-matrix can be effected in the same way as in
Subsect. 61, that is, by constructing the gauge transformation of the field
§,, which changes the generating functional on the mass shell for different «’s
into each other.

A proof of the independence of the S-matrix of this kind of gauge is effected
by means of the method used in ref. [28]. In a recent work by Poroy and
FaADDIEV [34] Feynman’'s rules for the gravitational field are obta.med in a
noncovariant gauge, as suggested by DIrac [35].
© We note that the present method makes it possible for us to prove the
equivalence of the S-matrix in both a covariant and a noncovariant gauge.
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