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Presentation consists of two Presentation consists of two 
Sections:Sections:
1. Coulomb States in Nanostructures, 1. Coulomb States in Nanostructures, 

Accidental Degeneracy, and the Accidental Degeneracy, and the 
LaplaceLaplace--RungeRunge--Lenz  OperatorLenz  Operator

2. Electron in Periodic Potential under 2. Electron in Periodic Potential under 
Action of Constant Electric Field and Action of Constant Electric Field and 
Bloch OscillationsBloch Oscillations



Section 1Section 1
Coulomb States in Nanostructures, Coulomb States in Nanostructures, 

Accidental Degeneracy, and the LaplaceAccidental Degeneracy, and the Laplace--
RungeRunge--Lenz  OperatorLenz  Operator
M. A. Semina and R. A. Suris

vv Introduction: Accidental Degeneracy for Coulomb Introduction: Accidental Degeneracy for Coulomb 
potential and harmonic oscillator potentialpotential and harmonic oscillator potential

vv How to get transition between two of these cases How to get transition between two of these cases 
using Quantum Well nanostructureusing Quantum Well nanostructure

vv Looking after the transitionLooking after the transition

vv Conclusions to the SectionConclusions to the Section
JETP Letters , Volume 94, Number 7 (2011), 574-578



33D Hydrogen AtomD Hydrogen Atom

Degeneracy of the State with Main Quantum Number n: 
Total:  

Laplace – Runge –Lentz Operator:

- in classical mechanics – constant of motion

V.A. Fock, Z. Phys. 98, 145 (1935), W. Pauli, Z. Phys. 36, 336 (1926)

( )21+n

Accidental degeneracy



33D ISOTROPICD ISOTROPIC
HARMONIC OSCILLATORHARMONIC OSCILLATOR

Operators commuting with Hamiltonian:

Всего:  

Всего:  

even n

odd n

Degeneracy: 

J.M. Jauch and E.L. Hill, Phys. Rev. 57, 641 (1940)



22D Electron in Quantum Well D Electron in Quantum Well 
HeterostructuresHeterostructures

Electron inside QW and Electron inside QW and 
Positive Charge Positive Charge 
(Donor) outside(Donor) outside

Spatially indirect excitonSpatially indirect exciton HamiltonianHamiltonian:

2D Hydrogen Atom2D Hydrogen Atom 2D Isotropic Harmonic Oscillator2D Isotropic Harmonic Oscillator
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Field Control of Electron Field Control of Electron –– Hole Hole 
Interaction in Single Quantum WellInteraction in Single Quantum Well
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2D Hydrogen Atom2D Hydrogen Atom

HamiltonianHamiltonian: Energy LevelsEnergy Levels: DegeneracyDegeneracy::

total:

Wave Functions:

D.G.W. Parfitt and M.E. Portnoi, J. Math. Phys. 43, 4681 (2002)

2D Laplace 2D Laplace –– Runge Runge ––Lentz Operator:Lentz Operator:



22D Isotropic Harmonic OscillatorD Isotropic Harmonic Oscillator

HamiltonianHamiltonian:: EigenenergiesEigenenergies:: DegeneracyDegeneracy::

totaltotal::

Eigenfunctions:Eigenfunctions:

2 Component Operator commuting with Hamiltonian2 Component Operator commuting with Hamiltonian

R.D.Mota, V.D. Granados, A. Queijeiro and J. Garcia, J. Phys. A: Math. Gen.  35, 2979 (2002)



Eigenenergies between Coulomb Eigenenergies between Coulomb 
Potential and Harmonic OscillatorPotential and Harmonic Oscillator
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n=3

n=2

n=1

n=0 Direct diagonalizationDirect diagonalization

Basis@Basis@d<20d<20
Hydrogen Atom Eigenfunctions SetHydrogen Atom Eigenfunctions Set

Basis@Basis@d>100d>100
Oscillator Eigenfunctions SetOscillator Eigenfunctions Set

BasisBasis@20<d<100@20<d<100
Both SetsBoth Sets



Rearrangement Rearrangement 
of Energy Levelsof Energy Levels
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Asymptotics of Energy Levels at Asymptotics of Energy Levels at 
d >> 1d >> 1
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Conclusions to the Section 1Conclusions to the Section 1

v Semiconductor Quantum Well Nanostructures allow us Semiconductor Quantum Well Nanostructures allow us 
to look after transition of eigenstates and eigenenergies  to look after transition of eigenstates and eigenenergies  
between two systems withbetween two systems with accidentalaccidental degenerationdegeneration

vv In intermediate region, mixing of states with different In intermediate region, mixing of states with different 
principal quantum numbers becomes important in principal quantum numbers becomes important in 
addition to the level splittingaddition to the level splitting

vv The region of applicability of both limiting case The region of applicability of both limiting case 
approximations depends on the eigenenergy, i.e., on the approximations depends on the eigenenergy, i.e., on the 
typical size of the corresponding eigenfunctiontypical size of the corresponding eigenfunction



Section 2. Section 2. 
Electron in Periodic Potential under Action of Electron in Periodic Potential under Action of 
Constant Electric Field and Bloch OscillationsConstant Electric Field and Bloch Oscillations

Bloch Frequency
W º eFa/ћ
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E(K) E(K) –– periodic function on periodic function on KK
It is why an electron oscillates It is why an electron oscillates 
relative some  spatial position relative some  spatial position 
with Bloch frequencywith Bloch frequency

Bloch oscillations: semiBloch oscillations: semi--classical descriptionclassical description



WannierWannier--Stark LadderStark Ladder

BO BO –– Quantum BeatingQuantum Beating

WannierWannier--Stark LadderStark Ladder



Where Bloch Oscillations can be Where Bloch Oscillations can be 
observed? observed? 

In natural crystals it is impossible to realize BO. It would In natural crystals it is impossible to realize BO. It would 
require too strong electric field at which electric require too strong electric field at which electric 
breakdown should occur.breakdown should occur.

However, it is possible in artificial  crystals: However, it is possible in artificial  crystals: 
semiconductor superlattices with lattice period strongly semiconductor superlattices with lattice period strongly 
exceeding period of natural crystals (Manexceeding period of natural crystals (Man--made  in made  in 
contrast to God contrast to God ––made crystal: L. Esaki)made crystal: L. Esaki)

Very promising properties of the layered superlattices Very promising properties of the layered superlattices 
were described by V.A.Yakovlev (1961) and L.V. Keldysh were described by V.A.Yakovlev (1961) and L.V. Keldysh 
(1962)(1962)



a

Artificial Layered SuperlatticeArtificial Layered Superlattice

C.Waschke, H.G.Roskos, K Leo, H. Kurz, K.Köhler, Semicond. Sci.Technol., 9, 416, 1994. 

GaAs GaAs ––GaGax x AlAl11--xxAsAsThe SL structures are fabricated with The SL structures are fabricated with 
MBE or MOCVD technologiesMBE or MOCVD technologies



Scattering Processes Layered Scattering Processes Layered 
SuperlatticeSuperlattice
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Quantum Dot SuperlatticeQuantum Dot Superlattice



Rational Electric Field Direction

Irrational Electric Field Direction

Exponential dependence of Exponential dependence of 
transverse minibands width in QDSLtransverse minibands width in QDSL

I.A. Dmitriev and R.A. Suris, 



Scattering Suppression in Scattering Suppression in 
Quantum Dot SuperlatticeQuantum Dot Superlattice



BO damping rate as a function of localization BO damping rate as a function of localization 
length and transverse miniband widthlength and transverse miniband width

* / 4.3meVDs Rw p= = -h h

I.A. Dmitriev and R.A. Suris, 



¨̈ QDSLQDSL applicationapplication enablesenables usus toto controlcontrol thethe scatteringscattering processesprocesses..
ItIt resultsresults inin aa profoundprofound extentextent ofof thethe BOBO lifetimelifetime..

Varying the electric field value and orientation in QDSL allows Varying the electric field value and orientation in QDSL allows us tous to::
·· qualitativelyqualitatively changechange thethe spectrumspectrum ofof electronselectrons,,

fromfrom thethe continuouscontinuous oneone toto thethe purelypurely discretediscrete oneone;;
·· controlcontrol thethe transversetransverse minibandminiband widthwidth

inin aa widewide rangerange sincesince itit exponentiallyexponentially dependsdepends onon thethe fieldfield orientationorientation;;
·· totallytotally suppresssuppress thethe opticaloptical phononphonon scatteringscattering

whichwhich isis thethe mainmain mechanismmechanism ofof scatteringscattering inin QWSLQWSL;;
·· makemake negligiblynegligibly smallsmall thethe acousticacoustic phononphonon scatteringscattering

betweenbetween transversetransverse minibandsminibands;;
·· stronglystrongly reducereduce thethe intraminibandintraminiband acousticacoustic phononphonon scatteringscattering

byby choosingchoosing appropriateappropriate electricelectric fieldfield strengthstrength andand minibandminiband widthwidth..
¨̈ BO damping rate atBO damping rate at T=300 KT=300 K
¨̈ The BO in QDSL are a superposition of 2 (2D SL) or 3 (3D SL) oscillations with The BO in QDSL are a superposition of 2 (2D SL) or 3 (3D SL) oscillations with 

frequencies proportional to the field projections on the principal SL axis’s.frequencies proportional to the field projections on the principal SL axis’s.

Conclusions to the Section 2Conclusions to the Section 2


