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Massive Gravity

A deformation of GR that allows to explain the observed
universe acceleration⇒ m ∼ 1/(cosm. horizon size).

Problems: does not reduce to GR in the weak field
when m→ 0 (VdVZ discontinuity), has a ghost, no
uniqueness.

Remedies seem to exist for some of these problems
(Vainstein mechanism). Very recently a class of models
has been discovered that seem to be free of the ghost.

We wish to study black holes and cosmologies in these
models.
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I. Massive gravity in D=4
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Non-linear Pauli-Fierz

4D manifold with two metrics

gµν(x) and fµν(x) = ηAB∂µX
A(x)∂νX

B(x)

and the action

S =
1

8πG

∫
(

−1

2
R +m2Lint

)√
−g d4x+ S(mat)

where Lint is a scalar function of Hα
β = gασfσβ − δαβ

Lint =
1

8
((Hα

α)
2 −Hα

βH
β
α) + O((Hα

β)
3)

Theory is not unique, but has a unique weak field limit.
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EOM for gµν, X
A

Gµν = m2Tµν + 8πGT
(mat)
µν

with

Tµν = 2
∂Lint
∂gµν

− gµνLint,

varying with respect to XA gives

∇µTµν = 0.

The matter equations imply

∇µT
(mat)
µν = 0.

In the unitary gauge, Xα = xα and fµν = ηµν , in the weak
field limit gµν = ηµν + hµν one recovers the
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Pauli-Fierz equations

1

2
{−�hµν + . . .} =

1

2
m2(hµν − hηµν) + 8πGT

(mat)
µν

which imply 4 constraints

∂µhµν − ∂νh = 0.

Taking the trace gives the fifth constraint

3m2h = 16πGT (mat)

⇒ there remain 5 degrees of freeedom of massive graviton.

For generic gµν there are 5 degrees + 1 extra state with
negative norm – Boulevard-Deser ghost.
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II. Ghost free theories
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The RGT massive gravity

Lint =
m2

2
(K2 −Kν

µK
µ
ν ) with Kµ

ν = δµν −
√

gµσfσν

is claimed to be ghost-free and unique up to 2-parameter
deformations /de Rham, Gabadadze, Tolley ’10/.

For: Hassan, Rosen (2011); Mirbabayi (2011); Golovnev
(2011); Hassan, Rosen (2012); Kluson (2012); Hassan,
Schmidt-May, von Strauss (2012)

Against: Creminelli, Nicolis, Papucci, Trincherini (2005);
Chamseddine, Mukhanov (2010-2011)

No asymptotically flat black holes. No Schwarzschild.
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The ghost-free bigravity

S = − 1

16πG

∫

R
√
−g d4x− 1

16πG

∫

R
√

−fd4x

+
σ

8πG

∫

Lint
√
−g d4x + Sm[gµν ,matter] ,

Lint =
1

2
(K2 −Kν

µK
µ
ν ) +

c3
3!

ǫµνρσǫ
αβγσKµ

αK
ν
βK

ρ
γ

+
c4
4!

ǫµνρσǫ
αβγδKµ

αK
ν
βK

ρ
γK

σ
δ ,

σ = m2cos2 η and G = Gtan2 η (massive gravity for η → 0)

Kµ
ν = δµν − γµν , γµσγ

σ
ν = gµσfσν /Hassan, Rosen ’11/
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Taking the square root

Two tetrads eνB and ωA
µ

gµν = ηABeµAe
ν
B , fµν = ηABω

A
µ ω

B
ν ,

the local SL(1, 3)× SL(1, 3)⇒

eµAωBµ = eµBωAµ (•)

Then
γµν ≡

√

gµσfσν = eµAω
A
ν
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Field equations

Gρ
λ = m2cos2 η T ρ

λ + 8πGT
(mat) ρ

λ , Gρλ = m2sin2 η T ρ
λ ,

with T ρ
λ = τρλ − δρλ Lint , T ρ

λ = −
√−g√
−f τρλ ,

τρλ = (γσσ − 3)γρλ − γρσγ
σ
λ −

c3
2
ǫλµνσǫ

αβγσγραK
µ
βK

ν
γ

− c4
6
ǫλµνσǫ

αβγδγραK
µ
βK

ν
γK

σ
δ .

Reduces to the RGT massive gravity for η → 0 if fµν
becomes flat.

gµν = fµν ⇒ Tµ
ν = T µ

ν = 0⇒ Gµ
ν = 0⇒ vacuum GR
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Spherical symmetry

Most general case

e0 =
1

Q
dt, e1 =

1

N
dr, e2 = Rdϑ, e3 = R sinϑ dϕ

ω0 = aQdt+ cN dr, ω1 = −cQdt+ bN dr,

ω2 = uRdϑ, ω3 = uR sinϑdϕ

where a, b, c,Q,N, u,R functions of t, r. Two different cases:

c = f0r 6= 0⇒ metrics are not simultaneously diagonal

c = f0r = 0⇒ metrics are simultaneously diagonal
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III. Self-accelerating cosmologies
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Non-diagonalfµν

ds2 = Q2dt2 −N2dr2 − R2dΩ2,

df2 = (aQdt+ cN dr)2 − (bN dr − cQdt)2 − u2R2dΩ2.

FRW⇒ G0
r = T 0

r = 0⇒

u =
1

c3 + c4

(

2c3 + c4 − 1±
√

1− c3 + c4 + c23

)

⇒ T 0
0 = T r

r = const.⇒ 0 =
(g)

∇µ Tµ
ν = 2(Q̇/Q)(T r

r − T θ
θ ) with

T r
r − T θ

θ = (c3u− u− c3 + 2)((u− a)(u− b) + c2)

⇒ Tµ
ν = const× δµν
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Equations

(A) Gµ
ν = Λδµν + 8πGT

(mat)µ
ν

(B) Gµν = Λ̃δµν

(C) (u− a)(u− b) + c2 = 0

Λ = m2cos2 η(u− 1)(c3u− u− c3 + 3),

Λ̃ = m2sin2 η
1− u

u2
(c3u− c3 + 2)

8πGT
(mat)µ

ν = diag[ρ(t),−P (t),−P (t),−P (t)]

Equations (A) decouple from (B)+(C)
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Solutions for gµν

FRW, cosmological term + matter⇒

ds2 = a(t)2
(

dt2 − dr2

1− kr2
− r2dΩ2

)

, k = 0,±1

3
ȧ
2 + ka2

a
4

= Λ+ ρ, ⇒ self-acceleration
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Solution for fµν

Gµν = Λ̃δµν and (u− a)(u− b) + c2 = 0 (⋆)

should be fulfilled by

df2 = a
2(a dt+ c dr)2 − a

2(b dr − c dt)2 − U2dΩ2

where a, U = uR are already fixed.

1. Choose U as new Schwarzschild coordinate.
2. Change t→ T to get diagonal metric
3. Solve⇒ solution is AdS

df2 = ∆dT 2 − dU2

∆
− U2dΩ2, ∆ = 1− Λ̃

3
U2

4. Choose T (t, r) such that(⋆) is fulfilled
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Determining T (t, r)

df2 = (θ0)2 − (θ1)2 − U2dΩ2 = (ω0)2 − (ω1)2 − U2dΩ2 with

θ0 =
√
∆dT, θ1 =

dU√
∆
, ω0 = a(a dt+c dr), ω1 = a(−c dt+b dr).

U = ua(t)fk. One has to have

ω0 =
√

1 + α2θ0 + αθ1, ω1 =
√

1 + α2θ1 + αθ0,

Collecting coefficients in front of dt, dr expresses a, b, c, α in
terms of U and T (t, r). Imposing

(u− a)(u− b) + c2 = 0

then gives
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Solution for T (t, r)

A+A−(U̇T ′ − ṪU ′ − u2a2 + ua
√
A+A−/∆)

(∆2Ṫ + U ′)2
= 0,

with A± = ∆2Ṫ + U ′ ± (∆2T ′ + U̇).

A+ = 0

T = −
∫

∂+U(x+ + x−, x+ − x−)

∆2(x+ + x−, x+ − x−)
dx+ + F (x−),

where

U(t, r) = ua(t)fk(r), ∆2 = 1− (Λ̃/3)U2

Boost between t, r and T, U is lightlike.
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Properties of the solution

Exists for any m, η, c3, c4.

gµν : FRW with open, closed or flat sections.
Matter-dominated at early times, Λ-dominated at late
time⇒ self-acceleration at late time.

fµν : AdS. When η → 0, Λ̃ ∼ sin2 η → 0⇒ fµν is flat.

df2 = dT 2 − dU2 − U2dΩ2 = dF 2 − 2dUdF − U2dΩ2,

where the Stueckelberg scalars T = −U + F (t− r)
where U = ua(t)fk(r)⇒ massive gravity soluiton

The two metrics are separately diagonal in two
coordinate systems related by a lightlike boost.

Static Schwarzschild-de Sitter with non-diagonal fµν .
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IV. More exotic cosmologies

M.S.V. JHEP 1201 (2012) 035
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Diagonal metrics

ds2 = dt2 − a
2(t)

(

dr2

1− kr2
+ r2dΩ2

)

, k = 0,±1

df2 = α2(t)dt2 − σ2(t)a2(t)

(

dr2

1− kr2
+ r2dΩ2

)

.

Equations reduce to the mechanical problem

ȧ
2 +U(a) = −k

U(a) is expressed in terms of roots of an algebraic
equations⇒ several solution branches.
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Physical and exotic cosmologies

-3
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 0.5

 1

 0  0.2  0.4  0.6  0.8  1

k=-1

k=0

k=1

a

U
(a
)/
m

2

IIIa

IIb
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A B
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 0.5

 1
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k=-1

k=0

k=1

a

U
(a
)/
m

2

III
III III

IV

V
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physical: total energy ρtot = m2cos2 η T 0
0 + ρ ≈ ρ as

a→ 0.

exotic: m2cos2 η T 0
0 ≈ −ρ, ρtot ∼ ρ2/3 can be negative⇒

solutions can be non-singular.

fµν is not flat for η → 0⇒ no massive gravity limit
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V. Hairy black holes

M.S.V. arXiv:1202.6682

Hairy black holesand self-accelerating cosmologiesin the ghost-free bigravity – p. 25



Static, diagonal metrics

ds2 = Q2dt2 − dr2

N2
− r2dΩ2, df2 = a2dt2 − U ′2

Y 2
dr2 − U2dΩ2

Q,N, Y, U, a are 5 functions of r, they fulfill 5 equations

G0
0 = m2cos2 η T 0

0 ,

Gr
r = m2cos2 η T r

r ,

G00 = m2sin2 η T 0
0 ,

Grr = m2sin2 η T r
r ,

T r
r
′ +

Q′

Q
(T r

r − T 0
0 ) +

2

r
(T ϑ

ϑ − T r
r ) = 0.
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Equations

2NN ′

r
+

N2 − 1

r2
+m2cos2 η

(

α1
N

Y
U ′ + α2

)

+ ρ = 0,

2N2Q′

Qr
+

N2 − 1

r2
+m2cos2 η

(

α1
a

Q
+ α2

)

− P = 0,

{Y 2 − 1 +m2sin2 η α3}NU ′ + 2UNY Y ′ +m2sin2 η Y α4 = 0,

{a(Y 2 − 1) +m2sin2 η α5}U ′ + 2UY 2a′ = 0,

α6U
′ + α7a

′ = 0,

where α1 . . . α7 are
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α1 = 3− 3c3 − c4 +
2(c4 + 2c3 − 1)U

r
−

(c4 + c3)U2

r2
,

α2 = 4c3 + c4 − 6 +
2(3− c4 − 3c3)U

r
+

(c4 + 2c3 − 1)U2

r2
,

α3 = c4U
2
− 2(c3 + c4)rU + (c4 + 2c3 − 1)r2,

α4 = (3− c4 − 3c3)r
2
− (c4 + c3)U

2 + (4c3 + 2c4 − 2)rU,

α5 = [(a−Q)c4 −Qc3]U
2 + [2(2Q− a)c3 + (Q− a)c4 −Q]rU,

+ [(2a− 3Q)c3 + (a−Q)c4 + 3Q− a]r2,

α6 = Q′N [(3c3 + c4 − 3)r2 + (2(1− c4 − 2c3))Ur + (c4 + c3)U
2],

+ 2Q(Y −N)[(3− c4 − 3c3)r + (c4 + 2c3 − 1)U ],

+ 2a(N − Y )[(1− c4 − 2c3)r + (c4 + c3)U ],

α7 = Y [(3− c4 − 3c3)r
2 + 2(c4 + 2c3− 1)Ur − (c4 + c3)U

2].
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Background black holes

fµν = C2gµν , ds2 = N2dt2 − dr2

N2
− r2dΩ2,

N2 = 1− 2M

r
− Λr2

3
, Λ = m2(C − 1)(a2C

2 + a1C + a0),

where C is a root of

(C − 1)(b3C
3 + b2C

2 + b1C + b0) = 0,

and ak, bs depend on c3, c4, η. If η = 1, c3 = 0.1, c4 = 0.3,

{C1, C2, C3, C4} = {1; −0.6458 ; 2.6333 ;−8.5566},
Λ(Ck)

m2
= {0; −3.0559; −1.1812; +21.5625}.

⇒ Schwarzschild, SdS, SAdS
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U, a backgrounds

N2 = 1 +m2 cos2 η((1− 2c3 − c4)U
2 − 2M

r

+ (3c3 + c4 − 3)Ur + (2− 4

3
c3 −

1

3
c4)r

2),

Q

N
= a

m2cos2 η

2

∫ r

r1

dr

xN3
F , Y =

m2sin2 η

2U

∫ r

r2

dr

N
F ,

F = (c4 − 3 + 3c3)x
2 + 2(1− 2c3 − c4)Ux+ (c3 + c4)U

2

U , a, M , r1, r2 constants.

gµν approaches AdS as r →∞ in the leading order.

frr = 0⇒ fµν is degenerate. If U → const as r →∞ then
the proper volume is finite – spontaneous compactification.
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Event horizon at r = rh

N2 =
∑

n≥1

an(r−rh)n, Y 2 =
∑

n≥1

bn(r−rh)n, U = urh+
∑

n≥1

cn(r−rh)n,

an, bn, cn depend on one free parameter u (and ǫ = ±1).

Horizon is common for both metrics

Set of all black holes is one-dimensional and labeled by
u = U(rh)/rh = ratio of the even horizon radius
measured by fµν to that measured by gµν .
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Horizon temperatures

g00 = Q2 = q2{r−rh+
∑

n≥2

cn(r−rh)n}, f00 = a2 = q2
∑

n≥1

dn(r−rh)n

ξ – timelike Killing. Surface gravities (T = κ/2π)

κ2g = −1

2
gµαgνβ

(g)

∇µ ξν
(g)

∇α ξβ = lim
r→rh

Q2N ′2 =
1

4
q2a1 ,

κ2f = −1

2
fµαfνβ

(f)

∇µ ξν
(f)

∇α ξβ = lim
r→rh

a2
(

Y

U ′

)′2

=
1

4
q2

d1b1
(c1)2

.

κ2g

κ2f
=

T 2
g

T 2
f

=
a1(c1)

2

d1b1
= 1

Deffayet, Jacobson ’11
Hairy black holesand self-accelerating cosmologiesin the ghost-free bigravity – p. 32



Strategy

Solutions are obtained by integrating from the horizon
for a given value of u = U(rh) towards large r.

For u = Ck they are the background black holes.

For u = Ck + δu they describe hairy deformations of the
background black holes.

For u = 1 + δu they describe hairy deformations of the
Schwarzschild black hole.
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Deforming Schwarzschild

 0

 1
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 4
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 0  2  4  6  8  10  12

ln(r/rh)

Y
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ln(a)

ln(Q/N)

ln(U)
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 1.2

 0  2  4  6  8  10  12

ln(r/rh)

u = 1.00001

u = 1.0001

u = 1.001

u = 1.01U
′

Close to Schwarzschild for r < rmax(u) but approaches
U, a for r →∞.Deformations stay small close to horizon
but are always large at infinity.
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Deforming Schwarzschild-AdS

u = Ck+ δu (k = 2, 3), deformations stay close to the horizon

 0.94
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u = 2.63
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u = 2.9

u = 3

U
′

N0, Q0, Y0, a0 correspond to the background AdS.
Hair is localized close to horizon.
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Deforming Schwarzschild-dS

u = C4 + δu with δu < 0 (left) and δu > 0 (right).
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Deformations become singular at a finite distance from the
horizon – solutions are compact and singular.
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Generic solutions – arbitrary u

-1

-0.5

 0
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ln(r/rh)

U
′

u = −0.6
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u = 12

-1

 0

 1

 2

 3
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ln(r/rh)

U
′

u = 5 u = 500

u = 3 u = 100

Generic solutions are either asymptotically AdS, or U, a, or
they are compact and singular.

The only asymptotically flat is pure Schwarzschild.

The only asymptotically dS is pure dS.
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Special solutions forη = 0

fµν is fixed and Schwarzschild

 0.96

 0.97

 0.98

 0.99

 1

 1.01

 0  1  2  3  4  5  6  7

ln(r/rh)

N η = 0Q
0.5× U ′

 0.95
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 0  1  2  3  4  5  6  7  8

ln(r/rh)

Q
0.5× U ′

N η = 0.02

Tachyonic oscillations around flat metric at infinity

N = 1 + δN, Q = 1 + δQ/r, U = x+ δU

δN ∼ δQ ∼ δU = exp{i
√
2m(r +

1

2
ln(r))}
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VI. Globally regular solutions

M.S.V. arXiv:1202.6682
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Lumps of pure gravity

Solutions with a regular center at r = 0, curvature is
bounded. At r →∞ the same asymptotic behavior as for
black holes. Can be viewed as black hole remnants for
rh → 0 – globally regular soliton deformations of AdS or U, a
by the graviton massive modes.
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Asymptotically flat stars

One adds T
(mat)µ

ν = diag(ρ,−P,−P,−P ), ρ(r) = ρ⋆(r−r⋆)

Diagonal metrics

ds2 = Q2dt2 − dr2

N2
− r2dΩ2, df2 = a2dt2 − U ′2

Y 2
dr2 − U2dΩ2

Regular origin: curvature is finite

Spatial infinity: metrics are flat + massless Newtonian +
massive Yukawa corrections.

∃ Globally regular solutions with such boundary conditions
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Solutions
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η = 0,Mg
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ln(1 + r)

Q/N
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U/r

grr = N2 = 1− 2Mg(r)/r, f rr = Y 2/U ′2 = 1− 2Mf (r)/r

0←Mg,Mf → A sin2 η. If m→ 0 then Mg ≈ const near the
horizon⇒ Vainstein mechanism in the ghost-free theory
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Summary of results

Most general self-accelerating cosmologies in bigravity
and massive gravity. Physical metrics – FRW, second
metric – AdS.

More exotic bigravity cosmologies for which the graviton
contribution to the energy can be large and negative.
Can be non-singular at t = 0.

Hairy black holes of several different types. Not
asymptotically flat (apart from pure Schwarzschild),
reduce to the lumps of pure gravity when rh → 0.

Static asymptotically flat solutions with matter (stars)
exhibiting the Vainstein mechanism.
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