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We review the superfield formalisms of the three-dimensional

supergravities. The N = 1, d = 3 gravitational superfields are

generated by the covariant spinor derivative for the tangent

GL(2, R) group. The basic gauge group of the N = 2, d = 3

supergravity is defined in the chiral superspace.

The real gravitational N = 2 superfield hm(x, θ, θ̄) describes

the embedding of the real gravitational superspace into the

complex chiral superspace by the analogy with the Ogievetsky-

Sokatchev formalism of the N = 1, d = 4 supergravity. The

simplest superconformal compensator is the chiral superfield.

The basic gauge group of the N = 3, d = 3 supergravity is

defined in the corresponding analytic harmonic superspace.

We use the SU(2)/U(1) harmonics by the analogy with the

harmonic-superspace formalism of the N = 2, d = 4 super-

gravity. The harmonic gauge superfields are defined in the

decomposition of the covariant harmonic derivative. The su-

perconformal compensator is the N = 3 analytic hypermulti-

plet superfield.
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4-DIMENSIONAL SUPERFIELD SUPERGRAVITIES

N = 1, d = 4 superfield supergravity

Wess, Zumino; Ogievetsky, Sokatchev; Gates, Grisaru, Roček,

Siegel

Chirality preserving constraints for the supervielbein ma-

trix EA
M were solved in terms of the N = 1 axial-vector gauge

superfield Hm(x, θ, θ̄). The nonlinear supergravity superdeter-

minant action κ−2
∫

d4xd2θd2θ̄E(Hm) was constructed and quan-

tized.

N = 2, d = 4 superfield supergravity in the harmonic SU(2)/U(1)

superspace was constructed by

Galperin, Ivanov, Kalitzin, Ogievetsky, Sokatchev

The gauge supegravity superfields and the N = 2, d = 4 mat-

ter superfields live in the Grassmann-analytic superspace.

The supergravity-matter classical superfield actions were con-

structed in this approach, but the quantum superfield calcu-

lations were not developed in this formalism.

We review the superfield formalisms of the simplest three-

dimensional supergravities.
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FLAT 3-DIMENSIONAL SUPERSPACES

N = 1 superspace: z = (xm, θµ), m = 0, 1, 2, µ = 1, 2

Spinor derivatives

Dµ = ∂µ + iθν(γm)µν∂m, ∂µθ
ν = δν

µ, ∂mxn = δn
m

γmγn = −ηmnI + εmnpγp, ηmn = diag(1,−1,−1)

δεx
m = −i(εγmθ), δεθ

β = εβ

N = 1 scalar superfield : φ(z)

N = 1 Maxwell superfield : Aµ(z), δλAµ = Dµλ(z)

N = 2, d = 3 superspace is analogous to the N = 1, d = 4

superspace:

z = (xm, θµ, θ̄µ), m = 0, 1, 2, µ = 1, 2

Spinor derivatives

Dµ = ∂µ + iθ̄ν(γm)µν∂m, D̄µ = −∂̄µ − iθν(γm)µν∂m

Chiral N = 2 superspace: ζ = (xm
L , θµ), xm

L = xm + i(θγmθ̄)

N = 2 scalar chiral superfield : φ(xm
L , θµ)

Anti-chiral superspace: ζ̄ = (xm
R , θ̄µ), xm

R = xm − i(θγmθ̄)

N = 2, d = 3 abelian gauge superfield:

δλV (x, θ, θ̄) = iλ(ζ)− iλ̄(ζ̄), W = DαD̄αV
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N = 3, d = 3 superspace: z = (xm, θµ
(kl)), k, l = 1, 2

Automorphism group is SU(2) and we can use the SU(2)/U(1)

harmonics u±k and the harmonic derivatives

∂++u−k = u+
k , ∂−−u+

k = u−k , ∂0u±k = ±u±k

Harmonic projections of spinor coordinates

θµ±± = θµ
(kl)u

k±ul±, θµ0 = θµ
(kl)u

k+ul−

Analytic N = 3 superspace: ζ = (xm
A , θµ++, θµ0, u)

Analytic hypermultiplet: q+(ζ)

Maxwell N = 3 superfield: δλV
++(ζ) = D++λ(ζ)
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N = 1, d = 3 SUPERGRAVITY

Gates, Grisaru, Roček, Siegel; Zupnik, Pak

Superdiffeomorphism group

δξx
m = ξm(z), δξθ

µ = ξµ(z)

Holonomic basis ∂M = (∂m, ∂µ), δξ∂M = −∂MξN∂N

Flat-superspace basis DM = (∂m, Dµ)

The N = 1 supergravity spinor differential operator con-

tains the superconformal gauge superfields

∆α = Dα + ihm
α (z)∂m + hµ

α(z)Dµ, δ∆α = −1
2σ(z)∆α − λβ

α(z)∆β

where σ(z) is the superconformal parameter and λβ
α(z) de-

scribe the SL(2, R) gauge transformations.

Superconformal gauge condition:

hµ
α(z) = 0, ∆α = Dα + ihm

α ∂m

The composed SL(2, R) and Weyl parameters are induced by

the superdiffeomorphism parameters

σ̃ = ∆αξ
α
0 , λ̃µ

α = ∆αξ
µ
0 − 1

2δ
µ
α∆βξ

β
0 ,

δ∆α = −∆αξ
ρ
0∆ρ = −(Dα + ihn

α∂n)ξρ
0∆ρ

The gauge transformations in this gauge are nonlinear in the

basic superfields

δhm
α = −iDαξ

m
0 − 2(γm)αβξ

β
0 + hn

α∂nξ
m
0 − [(Dα + ihn

α∂n)ξβ
0 ]hm

β

where ξm
0 = ξm − iξµθν(γm)µν, ξµ

0 = ξµ

Scalar compensator of the N = 1 Poincaré supergravity

Σ(z) = 1 + κΦ(z), κ is the gravitational constant

δΦ(z) = 1
2∆αξ

α
0

[
κ−1 + Φ(z)

]
,
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Dα = Σ∆α = GM
α DM , δDα = −λ̃β

αDβ

We introduce the SL(2, R) spinor connection Ωρ
α,β

δΩρ
α,β = −Dαλ̃

ρ
α + (λΩρ

α,β)

The covariant vector covariant operator is

Da = − i
4[{Dα,Dβ} − (Ωρ

α,β + Ωρ
β,α)Dρ] = GM

a DM

where GM
a , GM

α are the composed supervielbein matrix.

The inverse supervielbein matrix satisfies the relations

EA
MGM

B = δA
B, E = BerEA

M

δE = −(∂mξm − ∂µξ
µ)E, δ(d5zE) = 0

The composed vector superfield connection has the form

Γρ
a,π = − i

2
(γa)

αβ{∆αΩρ
β,π − Ωϕ

α,βΩρ
ϕ,π − Ωϕ

α,πΩρ
β,ϕ}

The corresponding covariant derivative is

∇aDπ = DaDπ − Γρ
a,πDρ, ∇πDa = DπDa − (γa)ρξ(γ

b)ϕρΩρ
π,ϕDb

The covariant supergravity constraints have the form

∇αDβ +∇βDα = 2i(γa)αβDa

∇aDπ −∇πDa = R(γa)
ρ
πDρ,

where R(z) is the basic scalar superfield.

The simplest N = 1 supergravity action is
1
κ

∫
dz5E(z)R(z)
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N = 2, d = 3 SUPERGRAVITY

N = 2 supergravity formalism is based on the three-dimensional

version of the Ogievetsky-Sokatchev approach. We consider

the superdiffeomorphism group in the N = 2, d = 3 chiral su-

perspace

δxm
L = λm(ζ), δθµ = λµ(ζ), δ∂̄µ = −(∂̄µλ̄

ν)∂̄ν

This conformal N = 2 supergravity transformations preserve

chirality.

In the anti-chiral basis we have analogous conjugated rela-

tions

δxm
R = λ̄m(ζ̄), δθ̄µ = λ̄µ(ζ̄), δ∂µ = −(∂µλ

ν)∂ν

The real supergravity superspace ZM = (xm, θµ, θ̄µ) is em-

bedded into the chiral superspace

xm
L = xm + iHm(x, θ, θ̄), xm

R = xm − iHm(x, θ, θ̄)

where Hm(x, θ, θ̄) = (θγmθ̄)+hm(x, θ, θ̄) is the gravitational axial-

vector superfield.

The passive gauge transformations of the N = 2 conformal

supergravity have the form

δxm = 1
2λ

m(x + iH, θ) + 1
2λ̄

m(x− iH, θ̄)

δθµ = λµ(x + iH, θ), δθ̄µ = λ̄µ(x− iH, θ̄)

δHm = i
2λ̄

m(x− iH, θ̄)− i
2λ

m(x + iH, θ)

We consider the flat chiral basis

xm
0L = xm + i(θγmθ̄), ζ0 = (xm

0L, θµ)

λm(x + iH, θ) = T (ih)λm(ζ0), λµ(x + iH, θ) = T (ih)λµ(ζ0),

T (ih) = 1 + ihm∂m − 1
2h

mhn∂m∂n − i
6h

mhnhr∂m∂n∂r + . . .
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The covariant spinor derivatives in the central coordinates

xm, θµ, θ̄µ have the form

∆α = Dα + i∆αh
m∂m = Dα + iDαh

n[(I − i∂h)−1]mn ∂m,

∆̄α = D̄α − i∆̄αh
m∂m = D̄α − iD̄αh

n[(I + i∂h)−1]mn ∂m

The tangent GL(2, C) transformations of these derivatives

are induced by the chiral diffeomorphism transformations

δ∆α = −(∆αλ
β)∆β, δ∆̄α = (∆̄αλ̄

β)∆̄β

The basic superfield blocks cm
µν∂m can be constructed via

the anticommutator of spinor covariant derivatives
1
2{∆µ, ∆̄ν} = −i{(γm)µν + 1

2[∆µ, ∆̄ν]h
m}∂m = cm

µν∂m

We consider the superconformal chiral parameter

j = ∂L
mλm − ∂µλ

µ, δd3xLd2θ = jd3xLd2θ = jd5ζ

and introduce the chiral superfield compensator

δΦ = −1
2jΦ, δ(d5ζΦ2) = 0

This chiral compensator allow us to construct the N = 2

Poincaré supergravity action.
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N = 3, d = 3 SUPERGRAVITY

We use the analogy with the Galperin-Ivanov-Ogievetsky-

Sokatchev formalism in N = 2, d = 4 supergravity. Let us

consider the arbitrary transformations of the N = 3, d = 3

harmonic analytic superspace

δxm
A = λm(ζ), δθ++µ = λ++µ(ζ), δθ0µ = λ0µ(ζ),

δu+
k = λ++(ζ)u−k , ζ = (xm

A , θ++µ, θ0µ, u±k ),

where λm(ζ), λ++µ(ζ), λ0µ(ζ), λ++(ζ) are the analytic parameters

of the conformal supergravity.

The harmonic and spinor derivatives in the flat analytic

superspace are

D++ = ∂++ + 2iθ++αθ0β∂A
αβ + θ++α∂0

α + 2θ0α∂++
α , ∂A

αβ = (γm)αβ∂
A
m,

D−− = ∂−− − 2iθ−−αθ0β∂A
αβ + θ−−α∂0

α + 2θ0α∂−−α ,

D0 = ∂0 + 2θ++α∂−−α − 2θ−−α∂++
α , [D++,D−−] = D0,

D++
α = ∂++

α , D−−
α = ∂−−α + 2iθ−−β∂A

αβ, D0
α = −1

2
∂0

α + iθ0β∂A
αβ,

∂A
mxn

A = δn
m, ∂0

αθ
0β = δβ

α, ∂∓∓α θ±±β = δβ
α.

The analytic integral measure is

dζ−4 =
1

16
d3xA(∂−−α∂−−α )(∂0α∂0

α)du, (0.1)

δdζ−4 = (∂A
mλm + ∂−−λ++ − ∂−−µ λ++µ − ∂0

µλ
0µ)dζ−4 = −2Λdζ−4.

Nonanalytic transformations have the form

δθ−−µ = Λ−−µ(ζ, θ−−).
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We define the Killing operator

K = λm∂m + λ++∂−− + λ++µ∂−−µ + λ0µ∂0
µ + Λ−−µ∂++

µ

= Λm∂m + λ++D−− + Λ++µD−−
µ + Λ0µD0

µ + Λ−−µD++
µ

Constraints for the flat parameters:

D++
µ Λm = −4iλ++(γm)µνθ

0ν + 2iλ++ν(γm)µν = 2i(γm)µνΛ
++ν,

D++
ν Λ0µ = −2δµ

νλ++.

The basic operator of the N = 3 conformal supergravity

contains the gauge gravitational superfields

∆++ = D++ + G++ + hµD++
µ , [G++, D++

ν = 0,

G++ == h++m∂m + h(+4)D−− + h(+4)µD−−
µ + h++µD0

µ

The transformation of the basic analytic harmonic opera-

tor defines transformations of the gravitational superfields

δ∆++ = −λ++D0

We can also construct the nonanalytic harmonic operator

∆−−, δ∆−− = −(∆−−λ++)∆−− satisfying the constraints

[(∆++ − h(+4)∆−−), ∆−−] = D0

We define the covariant spinor and vector derivatives

∆0
α = 1

2[∆
−−, D++

α ], ∆−−
α = [∆−−, ∆0

α], ∆a = i
2(γa)

αβ{∆0
α, ∆

0
β}

Superconformal compensator hypermultiplet

δq+(ζ) = Λq+(ζ), Λ = −1
2(∂

A
mλm + ∂−−λ++ − ∂−−µ λ++µ − ∂0

µλ
0µ)
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