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Quantum Gravity

Einstein gravity is a theory of interacting massless spin 2 particles
around a Minkowski space-time background

This theory is non-renormalizable

Higher-derivative gravity is renormalizable but non-unitary
Stelle (1977)

except if you are in three dimensions .....
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2m2 AµAµ : Proca

∂µ Fµν + m2Aν = 0
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O(−m)O(m)
]
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ν Aν = 0 with Oµ

ν(m) = m δµ
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τν∂τ
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]

µ
νAν = 0 or m Aµ = ǫµ

νρ Fνρ

S = −1
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∫
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ǫµνρ Aµ∂νAρ + mAµAµ
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: MSM

Townsend, Pilch, van Nieuwenhuizen (1984)
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[

O(m+)O(m−)
]

µ
ν Aν = 0 : two helicities with mass m+,m−

S =
∫

d3x

(

−1
4FµνFµν + 1

2µ ǫµνρAµ∂νAρ + 1
2m2AµAµ

)

with µ = 2(m+ − m−) , m2 = m+m−

m+ = m
−

: Proca

m+ → ∞ : MSM

m+ = 0 : massive topological spin 1

Deser, Jackiw, Templeton (1982)
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Proca :
(

� + m2
)

Aµ = 0 , ∂µAµ = 0

Aµ → Fµ ⇒
(

� + m2
)

Fµ = 0

L ∼ m2 ǫµνρAµ∂νAρ + ǫµνρFµ∂νFρ : high.-deriv. Maxwell
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2ǫ(µ

ηρ ǫν)
τσ∂η∂τ hρσ

∂µGµν(h) = 0 , ηµνGµν(h) = R lin(h)

Gµν(h) = 0 ⇒ hµν = ∂µaν + ∂νaµ : no dynamics
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ρσ∂ρhσν , h = 0

L ∼ ǫµνρhµ
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(
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Topological Massive Gravity (TMG)

Take hµν → Gµν(h) in “square root of PF” ⇒

Gµν(h) = 1
µ
ǫµ

ρσ∂ρGσν(h) , R lin(h) = 0 : “linearized TMG”

STMG[g ] = 1
κ2

∫

d3x

{

−√−g R + 1
µ
LLCS

}

with

LLCS = 1
2

[

Γα
µβ∂νΓ

β
ρα + 2

3Γα
µγΓγ

νβΓβ
ρα

]
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New Massive Gravity (NMG)

Take hµν → Gµν(h) in Pauli-Fierz ⇒

(

� + m2
)

Gµν(h) = 0 , R lin(h) = 0 : linearized NMG

SNMG[g ] = 1
κ2

∫

d3x
√−g

[

−R + 1
m2 K

]

with

K = RµνR
µν − 3

8R2

Hohm, Townsend + E.B. (2009)
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Dynamics

Einstein-Hilbert (EH) : no dynamics

TMG : massive gravitons with one helicity around Minkowski

EH plus neg. cosm. constant : BTZ black holes/AdS3 vacua

CTMG : massive gravitons plus BTZ black holes

NMG : massive gravitons with helicities ±2 (same mass)

GMG : massive gravitons with helicities ±2 (different mass)

CGMG : massive gravitons (m±), BTZ black holes and new
non-BTZ black holes
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CTMG: either gravitons or BTZ black holes have positive energy.
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Maximally Symmetric Vacua

Gµν = −Λ gµν ⇒ Λ2 + 4m2σΛ − 4λm4 = 0

0 1 2 3-1

−2m2

2m2

4m2

Λ ↑

λ →

CNMG with σ = −1 , m2 > 0
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c =
3ℓ

2G3

Brown, Henneaux (1986)

⇓

c =
ℓ

2G3
gµν

∂L
∂Rµν

Kraus, Larssen (2005); Saida, Soda; Schwimmer (2000)

cL =
3ℓ

2G3

(

σ +
1

µℓ
+

1

2ℓ2m2

)

, cR =
3ℓ

2G3

(

σ − 1

µℓ
+

1

2ℓ2m2

)
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Outlook

we generalized gravity in three dimensions

NMG is renormalizable Oda (2009)

Supersymmetry, finiteness ?

Properties new non-BTZ black holes

Relation to Hǒrava-Lifshitz Gravity with z = 4 ?
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