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- local coordinates on space-time

( )g xμν - Lorentzian signature metric sign ( )gμν = + − −

Einstein’s equations:

- negative cosmological constant2
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Λ = −

- curvature tensor

- totally antisymmetric third rank tensorμνλε

- de Sitter space-time
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U R - Minkowskian space-time

- Anti de Sitter space-time

Smooth solutions:
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The BTZ solution

0,M J> - two integration constants (mass and angular momentum)
( , ), (0, ), (0,2 )t r ϕ π∈ −∞ ∞ ∈ ∞ ∈ - cylindrical coordinates 

1 , 2tK K

Banados, Teitelboim, Zanelli Phys.Rev.Lett. 69 (1992)1849

ϕ= ∂ =

,r r+ −

∂ - two commuting Killing vector fields

- outer and inner horizons,

| |J Ml<

M - is not a manifold, because 
points at     do not have neiborhoodsr−
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The interior region

3, ,l r r+→∞ →∞ →∞The limit:
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The space-time:

- coordinate transformation

- diagonal form

Global solution = maximally extended along geodesics
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Coordinate transformations
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Consider the case

- the induced metric on U

( , )ϕ∈ −∞ ∞

- the Carter-Penrose diagram for 
the Minkowskian space time 1,1R

2
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2
crσ σ
α− − −↔ =

2 , 0, 0r ασ σ α= < <
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Four copies of the BTZ solution cover the whole Minkowskian space-time 1,2R

= × =M R R RThe space-time:

for =0Λ
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Transformation to Cartezian coordinates

 I: sinh , cosh ,
II: cosh , sinh ,

III: sinh , cosh ,
IV: cosh , sinh ,

T R X R
T R X R
T R X R
T R X R

= Φ = Φ
= Φ = Φ
= − Φ = − Φ
= − Φ = − Φ

Periodicity of the angle:

2 2ϕ ϕ π πα+ ⇔ Φ Φ +∼ ∼

I

II

III

IV

T

X

Minkowskian space-time
2 2 2 2 2 2dl dT dX dR R d= − = − Φ

1,1R

Transformation to polar coordinates:

3 2 2

2 3
2II, IV:      ,

2
c cR α σ σ

α α
αϕ

−
= >

Φ =

Transformation group (the isometry) : 2παΦ→Φ +G

Transformation of coordinates:

1,1
=
RM
G

is not a manifold
The interior region 
of the BTZ black hole
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Geodesics
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The Carter-Penrose diagram

The space-time

σ = ∞

σ = ∞

σ = −∞σ = −∞ σ−

1,1
=
RM
G

: 2παΦ→Φ +G
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The limit:

For the interior region

Euclidean version

,l r+→∞ →∞

,t iz iϕ ϕ→ →

2
2 2 2 2 2

2
2

2

2drds dz r d cd dz
c
r

α ϕ ϕ
α

= + + −
−

cr
α− =

, sign ( )

0 , sign ( )

r r g

r r g
μν

μν

−

−

< < ∞ = + + +

< < = + − − where



9

The deficit angle          of a conical singularity in the      plane

The Euclidean space 3 2 2 2 2 2 2 2 2: ds dX dY dZ dR R d dZ= + + = + Φ +R
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The outer region r r− < < ∞

The coordinate transformation
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2drds dz r d cd dz
c
r

α ϕ ϕ
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1θ α= −

2πθ ,R Φ
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For            we have a conical singularity in each section

The Euclidean space 3 2 2 2 2 2 2 2 2: ds dX dY dZ dR R d dZ= + + = + Φ +R

, 0 ,

, 0 2 ,
, .

fR f

Z c

α
αψ πα
ς ψ ς

= < < ∞

Φ = < Φ <
= − −∞ < < ∞

The coordinate transformation

2
2 2 2 2 2

2 ( ) 2dfds f c d d cd dψ ς ς ψ
α

= + + + −

2 , 1πθ θ α= −
0c = constς =

- the radial coordinate( )f f ρ=

Coordinates               cover the whole Euclidean space       and nothing else, ,f ψ ς 3R

The deficit angle 

The interior region                   covers the Minkowskian space-time 1,2R0 r r−< <

The outer region r r− < < ∞
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The action:

Katanaev, Volovich. Ann.Phys. 216(1992)1; ibid.271(1999)203,
Katanaev. Theor.Math.Phys. 135(2003)733; ibid.138(2004)163,
Katanaev. Phys.Usp.48(2005)675

Elastic deformations = diffeomorphisms of the Euclidean space
Dislocations  = nontrivial torsion = surface density of Burgers vector 
Disclinations = nontrivial curvature = surface density of Frank vector

3R

Absence of disclinations: SO(3) -connection is a pure gauge0R

Geometric theory 
of defects:

σ
μνρ = →

The geometry is given by the triad field ieμ

Solid state physics interpretation

The metric , diag( )i j
v ij ijg e eμν μ δ δ= = + + + satisfies Einstein’s equations

Basic variables:   triad field        and SO(3)-connection ieμ
ij

μω

R Tμν μν=

( )

( )

i i ij
j

ij ij ik j
k

T e e

R
μν μ ν μ ν

μν μ ν μ ν

ω μ ν

ω ω ω μ ν

= ∂ − − ↔

= ∂ − − ↔

- torsion

- curvature

[ ]
[ ]

ij
ijL R R Rκ γ= −

[ ]

( )
( , )ij

R e
R e ω

- the Hilbert-Einstein action

- antisymmetric part of Ricci tensor
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The elastic gauge

3 2 2 2 2 2ˆ: ds g dx dx d d dμ ν
μν ρ ρ ψ ς= = + +RFlat Euclidean metric in 

ˆ ˆˆ ˆ(1 2 ) 0T
i ig e e eμν μ

μ ν μσ σ− ∇ + ∇ =

const

ˆT i
ie e eμ
μ

σ =

=

- the Poisson ratio 

- the strain (deformation) tensor

1 ( )
2i i i ie u uμ μ μ μδ= − ∂ + ∂

iu

(1 2 ) 0j
i i ju uσ− Δ + ∂ ∂ =

- displacement vector field 

In the absence of defects and for small deformations 

- elasticity theory equations 

- the elastic gauge 

1 ( )
2 i iu uμ μ∂ + ∂

11
2

σ− ≤ ≤
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X

Y

Z

0R

b2πθ

Euclidean BTZ solution 

- combined wedge and screw dislocations

2
2 2 2 2 2

2 ( ) 2dfds f c d d cd dψ ς ς ψ
α

= + + + −

0 , 0 2 ,f ψ π ς< < ∞ < < −∞ < < ∞

- the Euclidean BTZ solution
in the outer region

The elastic gauge: f ρ→
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2 2
(elastic)

0

2 2 2 2

0

1 21 ln
1

1 2 11 ln 2
1 1

ds d
R

c d d cd d
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σ ρθ ρ
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σ σ
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Comparison with elasticity theory

for 

2( 1) 2( 1)2
2 2 2 2 2 2

2
0 0

2ds d c d d cd d
R R

γ γ
ρ α ρρ ρ ψ ς ς ψ

γ

− −⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟= + + + −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

2 2 1 ,
2(1 )

B B B σγ θ θ θ
σ

= − + + + =
−1θ

0
0

1: 1, 1,i bu R
Rμ θ ρ∂ ∼Elasticity theory - small relative deformations: 

Geometric theory of defects:
the metric is simpler, valid everywhere and for all , bθ
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Conclusion

1) For BTZ solution we have singularity in the manifold itself at

2) The geodesics can be continued through

3) In the Euclidean version of the BTZ solution, the space-time
breaks into disconnected manifolds along

4) The point            is regular.

5) For zero cosmological constant the Euclidean BTZ solution
has straightforward interpretation in solid state physics
describing combined wedge and screw dislocation.

6) The elasticity result reproduces only the linear approximation
to the exact solution of Einstein equations.

7) The result (metric) can be measured experimentally. 
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