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Motivaton and Introduction

Modification of gravity at large distances
Challenge for theory, motivated in particular by accelerated
expansion of the Universe.

May accelerated expansion be due to new gravity at
cosmological scales rather than due to new form of
energy?

Difficult to construct consistent theory

Prototype theory: Fierz–Pauli theory of massive graviton

Linearized about Minkowski background:

van Dam–Veltman–Zakharov discontinuity
non-linearity at large distances from a source ⇐⇒
Vainshtein phenomenon
(actually may cure vDVZ problem)

Disaster in curved backgrounds: Boulware–Deser ghost



Approaches:

Scalar–tensor gravities, f (R)-gravities

Boisseau, Esposito–Farese, Polarski, Starobinsky’ 00

Gannouji, Polarski, Ranquet, Starobinsky’ 06,

etc.

Extra dimensions with brane worlds

Dvali, Gabadadze, Porrati’ 01

de Rham et. al.’ 07

Kaloper, Kiley’ 07

Kobayashi’ 07

etc.

Lorentz-violating effective Lagrangians

V.R.’04

Dubovsky’ 04

Dubovsky, Tinyakov, Tkachev’ 05

Berezhiani, Comelli, Nesti, Pilo’ 07

etc.



Some proposals work: apparently consistent theories with
modified Newton’s law at large distances.

NB: Obtaining accelerating Universe in a “natural” way is still
difficult



Old work
Hayashi, Shirafuji’ 80

Sezgin, van Nieuwenhuizen’ 80

Theories with both metric and connection dynamical fields.

Many have both massive and massless spin-2 fields
at linearized level in Minkowski background

Tuning of parameters =⇒ no pathologies in Minkowski
background (no ghosts, no tachyons)

Suspicious: in curved backgrounds tunings may be ruined =⇒
pathologies may reappear

This is precisely what happens in Fierz–Pauli gravity =⇒
Boulware–Deser ghost mode

This work: look into this issue using brute force approach

Outcome: No, theory remains healthy at least in Einstein
backgrounds of weak enough curvature



Model

Field content

metric gµν =⇒ fierbein ei
µ

connection Ai jµ = gauge field of local O(3,1), Lorentz

group of frame rotations =⇒ Ai jk ≡ eµ
i Ai jµ = −A jik.

Covariant quantities:

Curvature = Field strength, just like in Yang–Mills:

Fi jµν = ∂µAi jν −∂ν Ai jµ +Aikµ Ak
jν −Aikν Ak

jµ

Fi jmn = eµ
meν

n Fi jµν , frame basis

Torsion ' (Connection – Riemann connection)



Ai jk = 1
2
(

Ti jk −Tjik −Tki j +Ci jk −C jik −Cki j
)

Ci jk = eµ
j eν

k (∂µeiν −∂ν eiµ) = −Cik j ⇐⇒ Riemann connection

Ti jk = torsion tensor.

Gauge symmetries:

Local Lorentz

General coordinate

Trick to construct theories with massive fields in
gauge-invariant way:

L = (F +F2)+T 2



L = (F +F2)+T 2

One way to look:

F = ∂µA =⇒ F2 = kinetic term for connection Ai jk

T = A−C = A−∂µe =⇒

T 2 = mass term for connection Ai jk plus kinetic term for

fierbein ei
µ (plus mixing between the two).

Another way to look:

A = T +C = T +∂µe =⇒

F2 = higher order kinetic term for fierbein ei
µ plus kinetic term

for torsion Ti jk (plus mixing)

T 2 = mass term for torsion

Signs not guaranteed =⇒
Danger of ghosts and tachyons



Number of fields: 10 from ei
µ + 24 from Ti jk = 34.

Number of gauge symmetries: 4 of general coordinate
transformations + 6 of local Lorentz = 10

Generally: number of propagating degrees of freedom:

34−2×10 = 14

Some of them ghosts

Parameters fine tuned: less propagating modes,
no ghosts about Minkowski background

Hayashi, Shirafuji’ 80

Sezgin, van Nieuwenhuizen’ 80

In what follows: one of the cases



Decomposition of torsion into irreps of O(3,1):

Ti jk =
2
3(ti jk − tik j)+

1
3(ηi jvk −ηikv j)+ εi jkla

l

with ti jk = t jik and

ti jk + t jki + tki j = 0, η i jti jk = 0, η ikti jk = 0

Fine tuning the parameters: L = LF+F2 +LT 2

“Kinetic term”:

LF+F2 = M2F +λ + c3Fi jF
i j + c4Fi jF

ji + c5F2 + c6(εi jklF
i jkl)2

(1): c3 + c4 +3c5 = 0, (2): no term Fi jklF i jkl

“Mass term”:

(3): LT 2 = −µ2 (

ti jkt i jk − vivi + 9
4 aiai

)



Parameters:

M2, µ2: dimension (mass)2.
Assume for the sake of presentation M ∼ µ ∼ MPl .

c3, c4, c5, c6: dimensionless.
Assume for the sake of presentation c3 ∼ c4 ∼ c5 ∼ c6 ≡ c

Signs:

c5 < 0 , c6 > 0 , 0 < µ2 <
2
3M2

This ensures absence of ghosts and tachyons in Minkowski
background.

λ : cosmological constant, intoduced for generality: useful for
discussing Einstein spaces as backgrounds, not just Ricci flat



Field equations

δS
δei

µ
: M2Fi j +{ci}(F ·F)i j +(torsion)i j − (1/2)L = 0

δS
δAi jk

: {ci}(DF)i jk +(torsion)i jk = 0

Involve Fi j, do not involve Fi jkl .

Consequences

λ = 0 ⇐⇒ torsion = 0, Fi j = Ri j = 0 always a solution.

Massless tensor field — graviton from ei
µ — in Minkowski

background.

λ 6= 0 ⇐⇒ Einstein space with zero torsion, Ri j = Λgi j also

a solution

Λ =
λ

M2 just like in GR.



Spectrum about Minkowski background
Hayashi, Shirafuji’ 80

Sezgin, van Nieuwenhuizen’ 80

Massless spin-2 from ei
µ

Vector vi: not a propagating field

Transverse part of pseudovector ai: also does not propagate.

Longitudinal part of ai: massive pseudoscalar field,

m2
1 ∼

M2

c

Propagating part of ti jk mixed with ei
µ : massive spin-2 field

m2 ∼ M2

c

NB: Number of propagating modes reduced from 14 to 8.



Sources in Minkowski background

Notation for perturbation of fierbein:

ei
µ = δ i

µ +hi
µ

General source term

Ssource =

∫

d4x

(

2hi
µθ µ

i − 1
2Ai jµSi jµ

)

Gauge invariance =⇒

∂ jθi j = 0 =⇒ ∂ jθ(i j) = −∂ jθ[i j]

∂kSi jk = 4θ [i j]



Fields induced by sources:

hi j =
1

M2
1
k2

(

τi j −
1
2ηi jτ

)

+
2M2/3−µ2

µ2M2
1

k2 +m2

(

σi j −
1
3ηi jσ +more terms with σ

)

with

τ i j =θ (i j)− 1
2∂kSk(i j)

σ i j =θ (i j) +
µ2

2M2/3−µ2
1
2∂kSk(i j)

Sum of massless and massive spin-2 contributions

same for Si jk = 0
vDVZ discontinuity in massive spin-2 sector

Mixing with torsion ⇐⇒ Source for torsion contributes to
metric



Curved backgrounds

Digression: Boulware–Deser mode in Fierz–Pauli theory

Fierz–Pauli action:

S = M2
Pl

∫

d4x
√

g

{

LEH(gµν)− m2

4 hµνhµν +
m2

4 (hµ
µ)2 +# ·h3 + . . .

}

with

hµν = gµν −ηµν

Danger: explicitly broken gauge invariance

How to extract dangerous degrees of freedom?



Stückelberg trick
Arkani-Hamed, Georgi, Schwartz’ 03

Creminelli, Nicolis, Papucci, Trincherini’ 05

Deffayet, Rombouts’ 05

LEH invariant under gauge transformations

gµν → gµν +∇µζν +∇ν ζµ +∇µζλ ∇νζ λ

Introduce new fields ḡµν , ξµ and φ :

gµν = ḡµν+∇µ(ξν +∇νφ)+∇ν(ξµ +∇ν φ)

+∇µ(ξλ +∇λ φ) ·∇ν(ξ λ +∇λ φ)

Gauge invariances:

ḡµν → ḡµν +∇µζν + . . . , ξ µ → ξ µ −ζ µ

and

ξ µ → ξ µ +∇µψ , φ → φ −ψ



10+ 4 + 1 = 15 fields

4 + 1 = 5 gauge invariances

15−2×5 = 5 propagating degrees of freedom,
right number for massive spin-2 field.

True if action for ḡµν , ξ µ and φ is second order in derivatives

Fierz–Pauli theory in Minkowski background: OK (only with
FP mass term)

Fierz–Pauli theory in curved background g(c)
µν : fourth order

action for φ

(gµν −ηµν)2 =⇒ (∇µ∇λ φ ·∇ν ∇λ φ) · (g(c)
µν −ηµν)

6th, Boulware–Deser mode appears. It is a ghost.

NB: No matter what is the background (Einstein or not; small
curvature or not)



Back to our model
Einstein backgrounds studied so far.
Massive vector field

ui j = F(1)i j −
1
6ηi jF(1)

F(1)i j: perturbation of Fi j.

Linearized field equation (λ = 0 for brevity)

∇2ui j −∇k∇iuk j−∇k∇ juki +∇i∇ ju+ηi j

(

∇k∇lukl −∇2u
)

−m2(ui j −ηi ju)+const ·Wilk ju
lk = 0

Wilk j: Weyl tensor of background

First line: equation for massless tensor field in curved
space-time;

invariance ui j → ui j +∇iζ j +∇ jζi

No non-linear term



Stückelberg analysis

ui j = ūi j +∇iξ j +∇ jξi +∇i∇ jφ

Mass term of Fierz–Pauli structure;
higher order terms in the action for φ cancel out

Weyl term

SW ∝
∫

d4x
√−g Wikl ju

klui j=⇒
∫

d4x
√−g Wikl j∇k∇lφ∇i∇ jφ

Second order upon integration by parts:

SW ∝
∫

d4x
√−g Wikl jWiklm∇ jφ∇mφ

No Boulware–Deser mode

Healthy theory at least in Einstein backgrounds
with small curvature.



A lot to be understood

Solutions.

Is vDVZ problem cured by Vainshtein mechanism? Or
one has to fine tune parameters to make massive spin-2
mode weakly interacting with matter?

Consistency with tests of GR

Do black holes have tensor hair?

Further consistency checks

General backgrounds

Strong coupling scale in effective low energy theory

Cosmology

. . .
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