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D Adamović, A Milas, Lattice construction of logarithmic modules for
certain vertex algebras, arXiv:0902.3417 [math.QA].
K Nagatomo, A Tsuchiya, The triplet vertex operator algebra W ppq and
the restricted quantum group at root of unity, arXiv:0902.4607
[math.QA].

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory



Unprejudiced selection

Y Arike, Symmetric linear functions of the restricted quantum group
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Apparently Disparate Things:

W pp� � 2,p� � 3q: with the OPE

W�pzqW�pwq � 27 �3 �53 �72 �11 �17
T pwq

pz�wq28 � . . . ,
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Apparently Disparate Things:

with a complicated representation theory,
×

���
��

��
��

��
��

W−

��

W+

��

[r,s;0]

�

��������

��

���
��

��
��

��
��

��
��

��
��

[p+−r,s;1]

•
W−

��

W+

		

[r,p−−s;1]

◦

���
��

��
��

��
��

��
��

��
[r,s;2] ◦



������������

���
��

��
��

��
��

��
��

��
��

�
[r,s;2]

�

��

��

[p+−r,p−−s;2]
�

���
��

��
��

��
��
[p+−r,p−−s;2]

�

�����������

��

���
��

��
��

��
��

��
��

��
��

[p+−r,s;3] �

��

��

��������������

���
��

��
��

��
��

��
��

��
��

[p+−r,s;3] �

��

��������

���
��

��
��

��
��

��
��

��
��

•

W+

��

W−

��

•[r,p−−s;3] • [r,p−−s;3]

W−

��

W+

��

◦

���
��

��
��

��
��

��
��

��
[r,s;4] ◦

�������������

���
��

��
��

��
��

��
��

��
��

�
[r,s;4] ◦



������������

���
��

��
��

��
��

��
��

��
��

�
[r,s;4] ◦



������������

���
��

��
��

��
��

��
��

��
��

�
[r,s;4]

�

��

��

[p+−r,p−−s;4]
�

��

��

[p+−r,p−−s;4]
�

��

��

[p+−r,p−−s;4]
�

���
��

��
��

��
��

�

�����������

��

���
��

��
��

��
��

��
��

��
��

�

��

��											

��

���
��

��
��

��
��

��
��

��
��

�

��

��

��������������

���
��

��
��

��
��

��
��

��
��
[p+−r,s;5] �

��

��

�������������

���
��

��
��

��
��

��
��

��
��

�

��������

��

���
��

��
��

��
��

��
��

��
��

• • •[r,p−−s;5] • •

◦

������������� ◦

�������������[r,s;6] ◦



������������[r,s;6] ◦



������������[r,s;6] ◦



������������[r,s;6]

�

��

[p+−r,p−−s;6]
�

��

[p+−r,p−−s;6]
�

��

[p+−r,p−−s;6]
�

��

[p+−r,p−−s;6]
�

��

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory



Apparently Disparate Things:

but the “dual” QG is defined by

Ep�
� � F p�

� � 0, K 2p�p� � 111,

KE�K�1 � q2
�E�, KF�K�1 � q�2

� F�,

E�E� � E�E�, F�F� � F�F�, E�F� � F�E�, E�F� � F�E�,

rE�,F�s �
K�p	 �K	p	

q
�p	
� �q

	p	
�

and is a finite-dimensional algebra (dim� 2p3
�p3

�).
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For pp,1q models, the QG is even simpler,

KE K�1 � q2E ,

KF K�1 � q�2F ,
rE ,F s � K �K�1

q�q�1 ,

Ep � 0, F p � 0, K 2p � 1,

dim� 2p3
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The correspondence

Irreducible representations:
pp,1q models: W ppq irreps 1:1

ÐÑ QG irreps
pp,p1q models: W pp,p1q irreps ÐÝ Quantum Group irreps
Modular transformation properties:

SLp2,Zq acting on (generalized)
characters

�
ÐÑ SLp2,Zq acting on QG center

p3p�1q generalized characters dimZ � p3p�1q
1
2
p3p�1qp3p1�1q gen’d characters dimZ �

1
2
p3p1�1qp3p1�1q

Indecomposable representations:
FGST conjecture, recently refined/proved by Nagatomo–Tsuchiya

Fusion:
BFGT, supported by statistical mechanics models
(Pierce–Rasmussen–Zuber, Rasmussen et al.)
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How?

Drinfeld double
Start with the algebra B of screenings and zero modes.
Take the dual space B�,
then xβγ, by � xβ , b1yxγ, b2y and x∆pβ q, abby � xβ , aby .
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Start with the algebra B of screenings and zero modes.

pp,1q example:

kE � qEk , Ep � 0, k4p � 1; q� eiπ{p

and comultiplication: ∆pEq � 1bE �E bk2, ∆pkq � k bk .

write ∆b �
°

b1bb2 � b1bb2

Take the dual space B�,
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How?
Drinfeld double

kE � qEk , Ep � 0, k4p � 1,

κF � qFκ, F p � 0, κ4p � 1,

kκ � κk , kFk�1 � q�1F , κEκ�1 � q�1E , rE ,F s �
k2�κ2

q�q�1 .

ó

Uqs`p2q at 2pth root of unity

k2E � qEk2, Ep � 0, k4p � 1,

k2F � q�2Fk2, F p � 0,

rE ,F s �
k2�k�2

q�q�1 .

has all the remarkable properties, such as an SLp2,Zq representation
on the p3p�1q-dimensional center.
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Anything else?

Can we have a manifestly QG-invariant description of LCFT?

What would be the QG analogue of the algebra of fields in such
description?

Assuming that the QG acts on fields, it has to act on products of fields:

a� pφψq � ?

So we need a module algebra
— to begin with, a module algebra over the Drinfeld double DpBq

Theorem
For a Hopf algebra B with invertible antipode, the Heisenberg double
HpB�q is a DpBq-module algebra.
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Heisenberg double

HpB�q � B�bB as a vector space

(the same vector space as DpBq � B�bB(!))
with the composition law

pα #aqpβ #bq � αpa1áβ q#a2b, α,β P B�, a,b P B.

Theorem (continued):
The DpBq action on HpB�q is given by

pµ bmq� pα #aq �
�
pµ bmq1áα

�
#

�
pµ bmq2�a

�
,

µ bm PDpBq, α #a PHpB�q,
where

pµ bmqáα � µ
2pmáαqS��1pµ 1q,

pµ bmq�a� pm1aSpm2qqàS��1pµq.
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Heisenberg double

HpB�q � B�#B as a vector space

(the same vector space as DpBq � B�bB(!))
with the composition law

pα #aqpβ #bq � αpa1áβ q#a2b, α,β P B�, a,b P B.

invented in: A Alekseev, L Faddeev, Commun. Math. Phys. 141 (1991) 413–422;
N Reshetikhin, M Semenov-Tian-Shansky, Lett. Math. Phys. 19 (1990) 133–142;
M Semenov-Tyan-Shanskii, Theor. Math. Phys. 93 (1992) 1292–1307.
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�
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�
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�
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Heisenberg double

HpB�q � B�#B as a vector space

(the same vector space as DpBq � B�bB(!))
with the composition law

pα #aqpβ #bq � αpa1áβ q#a2b, α,β P B�, a,b P B.

Interpretation:
View a,b P B as operators and α,β P B� as functions: “Leibnitz rule”
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Back to Uqs`p2q

Recall that we had

DpBq
ó

Uqs`p2q

dimUqs`p2q � 2p3,

Basis: E , F , k2,

k2E � qEk2, Ep � 0, k4p � 1,

k2F � q�2Fk2, F p � 0,

rE ,F s �
k2�k�2

q�q�1

Dually, we have

HpBq
ó

Hqs`p2q

dimHqs`p2q � 2p3

Basis: λ , z, B

λ
2p � 1, λz � zλ , λB � Bλ ,

zp � 0, Bp � 0,

Bz � pq�q�1q1�q�2zB

Hqs`p2q �
pCrλ s{pλ 2p�1qqbCqrz,Bs
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Hqs`p2q
The reduced Heisenberg double:

Hqs`p2q � pCrλ s{pλ 2p�1qqbCqrz,Bs,

λ
2p � 1, λz � zλ , λB � Bλ ,

zp � 0, Bp � 0,

Bz � pq�q�1q1�q�2zB

with the Uqs`p2q action

E �λ �
1

q�1
λ z, k2 �λ � q�1

λ , F �λ ��
q

q�1
Bλ ,

E �zm � �qmrmszm�1, k2 �zm � q2m zm, F �zm � rmsq1�m zm�1,

E �Bn � q1�nrnsBn�1, k2 �Bn � q�2nBn, F �Bn � �qnrnsBn�1
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— algebra of q-differential operators on a line.

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory



p � 2, the simplest case:

tz,zu � 0, tB,Bu � 0,

tB,zu � 2i

E �z � 0, k2 �z � �z, F �z � 1,

E �B � 1, k2 �B � �B, F �B � 0
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p � 2, the simplest case:

tz,zu � 0, tB,Bu � 0,

tB,zu � 2i

finite-dimensional counterpart of free fermions, which are known to
describe the pp � 2,1q logarithmic conformal field model.
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Conclusion

Kazhdan–Lusztig duality with LCFT is based on the pair

pDpBq, HpB�qq
pquantum group, its module algebraq

DpBq: well known (a serendipitous finding of FGST (2005))
HpB�q: new

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory



Conclusion

Kazhdan–Lusztig duality with LCFT is based on the pair

pDpBq, HpB�qq
pquantum group, its module algebraq

DpBq: well known (a serendipitous finding of FGST (2005))
HpB�q: new

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory



Conclusion

Kazhdan–Lusztig duality with LCFT is based on the pair

pDpBq, HpB�qq
pquantum group, its module algebraq

DpBq: well known (a serendipitous finding of FGST (2005))
HpB�q: new

Semikhatov Kazhdan–Lusztig Duality in Logarithmic Conformal Field Theory


