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Overview of mass determination methods

• Active galactic nuclei

• Quiescent galaxies

• Correlations of black hole mass with other parameters 

 Spectrum fitting
 Reverberation mapping

 Observational data
 Stellar-dynamical methods:

– Jeans equations
– Schwarzschild models
– Individual orbits

 Gas-dynamical models
 Maser measurements



Spectral fitting to the AGN emission

Problems:   complex physics of accretion discs,  
large degeneracy between Mbh and accretion rate
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Reverberation mapping

virial relation:  GM = f 2,
where the geometric factor
f depends on the structure 
of BLR (needs to be 
calibrated against other 
techniques of estimating M)

Time delay between variability of emission 
in continuum in the broad-line region (BLR)
and line emission in the narrow line region
provides information about the size of BLR;
the BH mass can be estimated from the 



Black holes in quiescent galaxies: observations
Unlike AGN studies, spatially-resolved spectroscopy
is crucial for dynamical mass modelling!

The key requirement is the need to resolve the black hole influence radius:

• Stellar dynamics

• Gas dynamics

• Maser sources in gas 
orbiting the black hole

Observational data

NIR, optics, ~0.1” resolution

22GHz  radio, 10–3 ” res.

photometry, spectroscopy –
stellar absorption lines

ionized gas emission lines

molecular gas (H20) emission



compilation of 72 mass measurements from  McConnell & Ma 2013



Stellar-dynamical models: observations
Photometric data            surface brightness map              luminosity profile (+flattening)

integral-field spectroscopy      kinematic map (mean velocity, dispersion and higher moments,
or full line-of-sight velocity distribution 

from fitting absorption line profiles) 

[a cautionary note: resolved star spectroscopy might give different results, e.g. Lanzoni+ 2013]



Stellar-dynamical models: roadmap

• Obtain surface brightness and kinematic data for the galaxy

• Deproject surface brightness to obtain 3d mass density  ( r ) 
(requires specification of inclination angle(s) and M/L ratio for stars)

• Take the gravitational potential as the sum of potential created by 
distribution of stars, central black hole, and possibly dark matter halo

• Find the distribution function (or its moments) of stars, 
compute the velocity distribution that it yields
(taking into account telescope PSF and other instrumental effects),
compare with observations to obtain the goodness of fit  2

• Repeat with different values of Mbh, M/L and other parameters 
to find the best-fit values and uncertainties for the model parameters



Stellar dynamics:  preliminaries

The steady-state distribution function of stars in a galaxy is described by

collisionless Boltzmann equation                                                        (CBE)

and Poisson equation 

is a function of 6 variables (+time if it is not stationary).

We can extract at most 3-dimensional data from the observations:
1d line-of-sight velocity distribution at each point in 2d image.

Fortunately, the Jeans theorem tells us that the distribution function may only depend 
on the integrals of motion, of which there are usually at most 3.

Sadly, not all integrals are known in an explicit form if the potential is not very symmetric.

Moreover, it is not generally possible to derive both the distribution function of stars 
and the gravitational potential simultaneously in a unique way.



Jeans equations

We can simplify the task by using the moments of CBE over velocity to obtain

the Jeans equation(s);   in the spherical case it reads 

where the velocity anisotropy coefficient is 

More complex equations can be written for the axisymmetric case   [e.g. Cappellari 2008]
and integrable triaxial potentials  [e.g. van de Ven+ 2003]

• easy to deal with

• require only the knowledge of 
first two moments of vel.distr.

Pros Cons

• equations are not closed 
(e.g. require the knowledge of 
 in the spherical case)

• cannot ensure non-negativity of 
the distribution function

• systematical errors due to imposed 
form of the solution (e.g.semi-isotropy)



The mass – velocity anisotropy degeneracy

velocity dispersion as a function of radius                     line-of-sight vel.distribution

A more radially anisotropic distribution can mimic a larger central point mass, because more
stars close to the center will be observed with velocity vectors pointing along the line of sight.

The degeneracy is lifted by using higher-order moments or the full LOSVD (not only the dispersion).



Schwarzschild models

• Take a specified density profile (r) / potential (r)

• Divide space into Nc cells with masses mc

• Integrate No orbits in given potential (No»Nc)
and calculate the fraction of time  toc
that o-th orbit spends in с-th cell

• Solve optimization problem:
find orbit weights  wo  0  so that 

(self-consistency constraints are satisfied)

and the kinematical constraints from observations are fulfilled  

Schwarzschild(1979) introduced a general method to numerically construct 
self-consistent models with a given density profile in a given (non-spherical) potential



Schwarzschild models

• do not require assumptions 
about velocity anisotropy 

• ensure positive distribution fnc.

• applicable in any geometry 
(most studies so far considered 
axisymmetric cases), no a priori 
knowledge about integrals of 
motion is required

• potentially less prone to 
systematic errors due to 
artificially imposed restrictions 
on the form of distribution fnc

Pros Cons

• computationally expensive

• restriction on the modelling 
technique (e.g. assumption of  
axisymmetry or constant M/L) may 
induce unknown systematics and 
artificially reduce uncertainties

• inclusion of dark matter halo

• radial variation of M/L

• triaxiality

Recent improvements



Degeneracy of mass determination
• A sufficiently flexible method for constructing the distribution function that satisfies 

a given set of observational constraints  will reproduce these constraints with 
different forms of assumed gravitational potential

• Therefore, the problem of determining Mbh is intrinsically ill-conditioned

• A method which is not flexible enough  will select a formally unique best-fit solution 
out of a wider range of equally good possibilities,  thereby artificially reducing 
uncertainties of mass determination

(Valluri, Merritt & Emsellem 2004)

2d contour plots of 
2 as a function of 
Mbh and M/L, 
for different sizes 
of orbit library

Flat-bottomed 2 plots are almost
never seen in published papers!



The special case of Milky Way: 
monitoring orbits of individual stars

probed distances are ~5000 times smaller than influence radius!



Gas kinematical models

(Walsh et al.2010 for M84)

fit emission spectra determine the kinematics of gas disc                   find best-fit Mbh

• no problem with velocity anisotropy –
gas is on a circular Keplerian orbit

• violation of model assumptions (e.g. disc 
is not cold or warped) is easily verified 

Pros Cons

• dust often accompanies gas

• gas is often influenced by non-gravitational 
forces (pressure, turbulence, magnetic fields) 

• many galaxies do not demonstrate a 
sufficiently ordered motion for the gas-
dynamical modelling to be successful



Maser sources in molecular gas

(figure taken from Kormendy&Ho 2013)

(NGC 4258,   Miyoshi+ 1995, Herrnstein+ 1999)

Unfortunately, quite a few galaxies have nuclear maser sources



Resolution vs. influence radius

(data from McConnell&Ma 2013)

Mbh

rinfl, arcsec

HST limit

rise in vel.disp. is rarely seen (Merritt 2013)



Comparison of measurements 
made with different methods

(Centaurus A)

stellar vs. gas kinematics (Ferrarese&Ford 2005, numbers are obsolete)
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Mbh– correlation

[Gebhardt et al.2000][Ferrarese&Merritt 2000]

lg Mbhlg(200 km/s), 



Mbh– correlation

current version: 72 measurements of Mbh
(McConnel&Ma 2013)

comparison of masses derived from 
reverberation mapping and from stellar 
dynamics can be done only on average



Mbh– correlation

possible downward extension to IMBHs 
globular clusters? (Lutzgendorf+ 2013)

relation to other objects (nuclear star
clusters, circumnuclear discs, etc..) ?

could it be an upper limit induced by 
observational selection effects?
(Batcheldor 2010)



Other possible correlations

Mbh – Vcirc (a proxy for Mhalo) –
no substantial correlation 
(Kormendy&Bender 2011)

Mbh – Lbulge (Gultekin+ 2009)

or Mbh – Mbulge (Magorrian+ 1998 – revised)



Other exotic correlations

Mbh – pitch angle of a spiral galaxy
(Seigar+ 2008, Berrier+ 2013)

Mbh – Sérsic index of bulge [~concentration]
(Graham&Driver 2007; disputed...)



Other exotic correlations

Mbh – velocity dispersion of globular 
cluster systems (Sadoun&Colin 2012)

Mbh – number of globular clusters 
(Rhode 2012, Harris&Harris 2011)



Fundamental plane of active black holes

radio luminocity X-ray lum.         BH mass

(Merloni+ 2003)



Theoretical explanations for correlations
• Corollary of other scaling relations:  Faber-Jackson law – L~4, Mbulge~L5/4, Mbh~Mbulge –...?

• Tidal disruption and accretion of stars in a steep triaxial cusp: Mbh ~ 5 [Merritt&Poon 2004]

• Feedback from initial BH formation and gas accretion  [Silk&Rees 1998] :

• A more complex coevolution of black holes and their host galaxies, in particular, 
AGN feedback on the star formation rate; probably involving different modes of feedback 
(quasar mode, radio mode, ...)  [see Kormendy&Ho 2013 for a recent review]

• Need to maintain 
tightness of the relation
in mergers!

Star formation rate vs. BH accretion rate 
(Aird+ 2010)

Simulated Mbh- relation (Hopkins+ 2007)



Summary

• Black holes in AGN certainly exist, but their masses are usually estimated 
to within a factor of few;  only the statistical properties are well-defined.

• Black holes in quiescent galaxies are found with a variety of methods 
(stellar dynamics, gas kinematics, maser sources). 
These methods depend on the ability to spatially resolve the BH influence radius.

• Most of the methods have quite large, perhaps underestimated, systematic 
uncertainties. Agreement between measurements made with different methods, 
or between successive models of the same object, is to within a factor of few.

• Black hole masses correlate with various properties of host galaxies, most 
notably, velocity dispersion of the spheroidal component. 

• Theoretical understanding of these relations is still lacking; they probably involve 
various feedback mechanisms at different stages of (co)evolution.


